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Abstract

In empirical science, many variables of interest are categorical. Like any model, models
for categorical responses can be misspecified, leading to possibly large biases in estima-
tion. One particularly troublesome source of misspecification is inattentive responding
in questionnaires, which is well-known to jeopardize the validity of structural equa-
tion models (SEMs) and other survey-based analyses. I propose a general estimator
that is designed to be robust to misspecification of models for categorical responses.
Unlike hitherto approaches, the estimator makes no assumption whatsoever on the
degree, magnitude, or type of misspecification. The proposed estimator generalizes
maximum likelihood estimation, is strongly consistent, asymptotically Gaussian, has
the same time complexity as maximum likelihood, and can be applied to any model
for categorical responses. In addition, I develop a novel test that tests whether a given
response can be fitted well by the assumed model, which allows one to trace back
possible sources of misspecification. I verify the attractive theoretical properties of
the proposed methodology in Monte Carlo experiments, and demonstrate its practical
usefulness in an empirical application on a SEM of personality traits, where I find
compelling evidence for the presence of inattentive responding whose adverse effects
the proposed estimator can withstand, unlike maximum likelihood.
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1 Introduction

In the social, economic, psychological, and behavioral sciences, many quantities of interest
are measured by means of categorical variables, often through surveys or questionnaires. Af-
ter collecting such data, researchers typically model the quantities of interest by employing
models specifically designed for the categorical measurements thereof, for example struc-
tural equation models for latent character traits or item response models for item difficulty.
However, such models can be misspecified, and it is well-known that model misspecification
leads to inconstant estimation of model parameters, which may ultimately result in incorrect
research findings. In survey-collected data, a particularly relevant source of model misspec-
ification is inattentive or careless responding by survey participants (e.g. Stantcheva, 2022;
Meade & Craig, 2012; Huang et al., 2015b). While there are many estimation methods that
are designed to be robust to model misspecification (see Maronna et al., 2018, for a recent
overview), these methods almost exclusively designed for continuous data, and may fail to
be effective or even computable when the data are categorical.

Motivated by the empirical relevance of this gap in the literature due to the increasing
popularity of surveys in economics (Stantcheva, 2022) and their long-standing importance
in behavioral research (e.g. Rust et al., 2020), I propose a novel estimation framework for
models of categorical data that is designed to be robust to misspecification of that model. The
estimator is very general in the sense that it can be applied to nearly any model of categorical
data, and, crucially, it makes no assumption whatsoever on the type, magnitude, or location
of potential misspecification. Hence, the proposed estimator is robust to an unlimited and
unspecified variety of possible sources of model misspecification. I show that the estimator
generalizes commonly employed maximum likelihood estimation and possesses attractive
theoretical and computational properties. For instance, the estimator is strongly consistent
and asymptotically normally distributed, while it is of the same time complexity as maximum
likelihood, meaning that it comes at no additional computational cost. Furthermore, I
develop a novel statistical test that test if a given categorical data point can be fitted well
by the presumed model. The test rejects this null hypothesis if the data point in question
cannot be fitted sufficiently well, and thereby helps pinpoint potential sources of model
misspecification.

As such, the proposed methodology is particularly attractive to fit models for survey
responses such as structural equation models or item response models because it is likely
that a certain proportion of survey participants responds inattentively or carelessly (Ward
& Meade, 2023). The estimator can not only withstand the harmful effects of inattentive
respondents, but also identify them through the diagnostic test.



I verify the attractive theoretical and robustness properties of the proposed estimator by
means of extensive simulation studies and demonstrate its practical usefulness in an empir-
ical application on a structural equation model on a measurement of the Big-5 personality
traits (Goldberg, 1992). I find compelling evidence for the presence of inattentive respon-
dents that, if unaccounted for, have a sizable effect on parameter estimates. For instance,
the correlation coefficient between two mutually contradic-tory items in a neuroticism scale
is estimated as —0.62 by hitherto estimation methods, whereas my estimator yields a sub-
stantially stronger correlational estimate of —0.93, which is, unlike the former estimate, in
line with literature on this scale. Likewise, a structural equation model fitted by my robust
estimator yields stronger and internally more consistent factor loadings that can explain
substantially more variation than a fit based on commonly employed methods. In addition,
I demonstrate how the estimator can be used to robustly estimate scale reliability coefficients
like Cronbach’s ar. As such, the entire process of building, testing, and verifying scales can
be robustified against inattentive responding without making any assumptions on the nature
of inattentive responding, a departure from previous literature.

With its focus on models for questionnaire responses, this paper ties into a growing litera-
ture concerned with the validity of research findings when employed models are misspecified
due to responses that do not follow the assumed model and subsequently cannot be fitted
well by that model. An ensuing poor model fit may lead a researcher to doubt or even reject
the theoretical model (Lai & Green, 2016). Poor model fit can occur for two reasons. First,
the theory behind the model may simply be wrong, in case of which the model is also wrong
and the theory is correctly rejected by the data. Second, theory and model may in fact be
correct, yet a misfit occurs due to the presence of a limited number of observations from a
different population, such as inattentive respondents or heterogeneous subgroups, which may
lead one to incorrectly reject a theory (Arias et al., 2020). Indeed, already a small proportion
of inattentive responses can substantially deteriorate model fit (Arias et al., 2020; Huang
et al., 2015a; Woods, 2006), and ultimately lead a researcher to reject a correct hypothesis
or sustain an incorrect hypothesis (Arias et al., 2020; Huang et al., 2015b; Maniaci & Rogge,
2014; McGrath et al., 2010; Woods, 2006; Schmitt & Stults, 1985). Inattentive responding
itself is widely prevalent (Ward & Meade, 2023; Bowling et al., 2016; Meade & Craig, 2012),
with most estimates on its prevalence ranging from 10-15% of study participants (Curran,
2016; Huang et al., 2015b, 2012; Meade & Craig, 2012), while already a prevalence 5-10%
can jeopardize the validity of research findings (Arias et al., 2020; Credé, 2010; Woods, 2006).
In fact, Ward & Meade (2023) conjecture that inattentive responding is likely present in all
survey data. Due to the damaging effects of inattentive responses, a large number of methods
for their detection has emerged, ranging from consistency indicators such as psychometric
antonyms/synonyms (Meade & Craig, 2012) over response times (e.g. Bowling et al., 2023)
to model-based techniques, such as person-fit statistics (e.g. Drasgow et al., 1985), structural
equation models (e.g. Kim et al., 2018), mixture models (e.g. Arias et al., 2020), or attention
check items (e.g., Section 3 in Stantcheva, 2022). More recently, machine learning techniques
have been proposed (Welz & Alfons, 2023; Schroeders et al., 2022). I refer to Alfons & Welz
(2024) for a recent review of inattention in survey data. I deviate from hitherto methods
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by not making any assumptions on the nature of potential misspecification and deriving
statistical guarantees on the performance of my approach.

In econometrics, this paper ties into a recent stream of methodological literature on
misspecification-robust estimation (e.g. Andrews et al., 2017; Armstrong & Kolesar, 2021;
Bugni & Ura, 2019; Bonhomme & Weidner, 2022; Chernozhukov et al.; 2018, 2022; Kitamura
et al., 2013), and develops a categorical analogue to robust M-estimation (e.g. Van de Geer,
2000), which is primarily intended for models of continuous data.

This paper is organizes as follows. Section 2 describes the modeling framework and
Section 3 the proposed methodology, while Sections 4 and 5 contain Monte Carlo experiments
and an empirical application, respectively. Section 6 concludes.

I employ the following notation throughout. A vector @ € R? is understood as a (d x 1)
column vector, and a' denotes its (1 x d) transpose. Further, denote by |la| = Va'a its
Euclidean norm, and, for a square matrix A € R?? denote by [|A[| = v/ Amax(ATA) its
operator norm, where A\, (A) is the largest eigenvalue of a matrix A. Assuming that A is
symmetric positive-definite, let A2 denote a lower triangular (d x d) matrix that satisfies

the Cholesky factorization A = A'/2 (Al/ 2)T. Furthermore, let ®,; denote the distribution
function of the d-variate standard normal distribution, and let P and E be a generic prob-
ability measure and a generic expectation operator, respectively. Throughout this paper, I
make the implicit assumption that all stochastic objects are well-defined on an appropriately

d a.s.
chosen measure space. Furthermore, let the symbols “—” and “—” denote convergence
in distribution and almost sure convergence, respectively.

2 Setup and modeling framework

This section introduces the modeling framework that will be employed throughout the paper.
The considered framework is very general and many well-known models emerge as special
cases.

2.1 Notation and examples

Suppose one observes a k-dimensional categorical random variable Z = (2, Za, ..., Zy) "
that takes values in a finite sample space Z = {21, 2o, ..., 2, } with m possible vector-valued
outcomes of dimension k. Hence, realizations of this random variable can be represented
in a k-way contingency table that cross-tabulates empirical frequencies for each outcome.
The individual categories in Z can either be ordered (so that Z is ordinal/quantitative, like
educational attainment) or unordered (so that Z is nominal /qualitative, like marital status).

Models for categorical outcomes typically parametrize the probability mass function
(henceforth density) of each of the outcomes, and the primary statistical problem is to esti-
mate the model’s parameters from observed data. Formally, a model {p(0) = (p (0))scz :
0 c @} subject to d parameters and parameter space ® C R? assigns to each categorical



outcome z = (21, 29, ...,2;) ' € Z a nonnegative probability

p=(0) =Po|Z =2] =Py [Z1=2,..., Zx = %] suchthat » p.(0)=1, (1)

zeZ

which depends on a constant but unobserved parameter 8 € © that one wishes to estimate
by using realizations of categorical Z. Such models can be used for predicting test results
(like the Rasch model in item response theory), modeling the association between latent
personality traits, categorical regression, or predicting how often a certain event occurs, just
to name a few. I present a selection of such models in Appendix A. Textbook treatments
can be found in Agresti (2010) for ordinal variables and Agresti (2012) for nominal ones.
To fix ideas, the following section focuses in more detail on a particularly relevant type
of categorical model, namely structural equation modeling of questionnaire responses, the
harmful effects that misspecification of such models can entail, and how issues stemming
from misspecification can be alleviated with the methodology proposed in this paper.

2.2 Lead example: Structural Equation Modeling

Structural equation models (SEMs) are a fundamental tool to analyze questionnaire re-
sponses in the social, behavioral, and business sciences. SEMs are typically based on factor
analyses. Factor models are designed to explain the correlation between a set of modeled
variables in terms of a small number of latent variables called factors (Mardia et al., 1979,
Ch. 9). Such models are attractive for questionnaire data because questionnaires are typi-
cally designed to measure latent constructs such as attitudes or personality traits by means
of multiple rating items for each construct (repeated elicitation). Multiple items measuring
the same construct are called a scale. Formally, a factor model for r factors (like constructs)
modeling ¢ variables (like rating responses) is in its most basic form given by

S=AAT + O, (2)

where ¥ is the population correlation matrix of the ¢ modeled variables,! A is a ¢ x r matrix
of coefficients (factor loadings) that summarize the variation explained by the factors, and ¥
is a diagonal covariance matrix capturing unexplained variation. Factor models like (2) are
primarily used to develop, test, and validate behavioral theory (e.g. Rust et al., 2020), are
frequently utilized in economics (e.g. Almlund et al., 2011; Borghans et al., 2008; Heckman
et al., 2006; Osborne-Groves, 2005), and offer many econometric extensions (see Ch. 3 in
Schennach, 2022, for an overview).

In practice, one first estimates population correlation matrix ¥ from some sample of
the ¢ modeled variables and then fits factor model (2) to the estimated correlation matrix

1One can also use covariance matrices for factor models, but it is generally recommended to use correlation
matrices to account for scale differences in the measurement of the modeled variables (e.g. Mardia et al.,
1979, Ch. 9).



by estimating A and ¥, subject to some identification constraints. However, hitherto esti-
mation methods like maximum likelihood are highly susceptible to misspecification of factor
model (2), resulting in inconsistent estimates of A and W, which in turn can lead to incorrect
research findings. In the context of factor models for questionnaire responses, a prominent
source of misspecification are inattentive or careless responding, which have been shown to
be a serious threat for the validity of SEM analyses due to a variety of psychometric issues,
such as, for example but not limited to, reduced scale reliability (Arias et al., 2020), reduced
construct validity (Kam & Meyer, 2015), improper factor structure (Arias et al., 2020; Huang
et al., 2015b; Woods, 2006), as well as errors in hypothesis testing (Maniaci & Rogge, 2014;
McGrath et al., 2010; Woods, 2006), and there is evidence that already a small proportion of
inattentive respondents of 5-10% are problematic (Arias et al., 2020; Credé, 2010; Schmitt
& Stults, 1985; Woods, 2006).

Since factor analyses are fundamentally a model of the correlation structure of the mod-
eled variables (see eq. 2), one approach to robustify factor analyses against inattentive re-
sponding (or other sources of misspecification) is to robustify the estimation of the population
correlation matrix ¥ that is being modeled.? The commonly employed Pearson sample cor-
relation matrix of rating items (where each response option is encoded by an integer) is
strongly affected by inattentive responses (Credé, 2010; Raymaekers & Rousseeuw, 2021),
so a different correlation estimator is needed. An often recommended alternative to sample
correlation between rating items is polychoric correlation (e.g. Foldnes & Gronneberg, 2022;
Garrido et al., 2013; Holgado-Tello et al., 2010), but polychoric correlation estimated by
maximum likelihood is also sensitive to inattentive responding (cf. Foldnes & Grgnneberg,
2022) and generally yields similar estimates as sample correlation when there are five or more
rating options (Rhemtulla et al., 2012). However, it turns out that estimating the correlation
matrix 3 by means of polychoric correlation coefficients is robust to inattentive responding
if the latter are estimated with the robust estimator proposed in this paper. It follows that
one can make factor analyses on questionnaire responses robust to inattentive responding by
fitting the factor model to a polychoric correlation matrix estimated by my robust estimator.
Consequently, subsequent analyses that rely on estimated correlation or factor structure such
as scale reliability (e.g. coefficients a (Cronbach, 1951) or w (McDonald, 1970)) can also be
robustified against inattention with this approach.

In the pairwise polychoric correlation model (Pearson & Pearson, 1922; Pearson, 1901),
one observes a bivariate variable Z = (X,Y)" of ratings that takes values in the set Z =
A xY={12...,J.} x{1,2,...,J,}, that is, the items associated with X and Y have J,
and J, response categories, respectively. The polychoric model assumes that the probability

2For factor models of continuous observed variables, Pison et al. (2003) propose to robustly estimate the
correlation matrix by means of the outlier-robust Minimum Covariance Determinant estimator (Rousseeuw,
1985). However, this estimator crucially relies on continuity and Gaussianity of the modeled variables, and
is therefore not applicable to categorical data (and may not even be computable for such).



of observing responses z = (x,y) € X x ) is given by

ag by
p=(0) =Po[X =2,Y =y] = / Pa(t, 53 0) ds dt, (3)

z—1 Jby—1

where ¢o(-,; 0) is the bivariate standard normal density with correlation parameter o €
(—1,1), and real-valued threshold parameters a; < --- < aj,—1, by < --- < by,_; with
the convention ay = by = —o0,a;, = b;, = +oo. This model is parametrized by a vec-
tor @ = (0,a1,...,a5,1,bq, ..., be_l)T of dimension d = J, + J, — 1, where the object of
primary interest is the polychoric correlation coefficient o, which is the correlation of the
two latent variables that X and Y measure. For parameter estimation in the polychoric
model, maximum likelihood is typically employed (Olsson, 1979). If a given dataset com-
prises rating responses to g items, the associated g x q polychoric correlation matriz of all
items holds the ¢(¢ — 1)/2 unique pairwise polychoric correlation coefficients g;; for dis-
tinct items 7,7 = 1,...,q. Guidelines for polychoric correlation matrices can be found in
Gadermann et al. (2012).

2.3 Conceptualization of model misspecification

In the lead example of SEMs, the primarily discussed source of model misspecification are
inattentive respondents in questionnaire studies. Yet, misspecifiation of models for cat-
egorical outcomes (not necessarily restricted to questionnaire responses) may manifest in
numerous ways. In this section, I conceptualize general model misspecification by adopting
the seminal work of Huber (1964).

Suppose that there exists a “true” but unknown parameter 8, € © whose associated
density a categorical random variable of interest Z follows, that is, Z ~ p (0) = (p, (0))zcz-
Subsequently, the primary statistical problem is to estimate the true 6, based on a sample
of realizations of Z. If all data points in the sample are indeed generated by the true
density p (0,), then one can generally construct a consistent estimator of 6, for instance
through maximum likelihood estimation. However, if some observed data points are not
generated by p (60.) but some other distribution outside of model {p (0) : @ € O}, then one
says that the model is musspecified.

Without loss of generality, potential model misspecification can be conceptualized by
means of a mixture density

Z5 2z [(2) = (1 —¢)pz (0.) + eh(2) (4)

for misspecification degree € € [0,1] and misspecification type h(-), which is some density
on Z that is not contained in model {p (@) : 8 € O}. Hence, one samples from the
model distribution p, (6.) with probability 1 — ¢ and from some other density h(z) with
probability . Neither € nor h(-) are known and are left completely unspecified so that
one makes no assumption whatsoever on the degree, magnitude, or type of misspecification,
which might be absent altogether. Indeed, if € = 0, the model is correctly specified because
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the true model probability and population probability are equal to one another, that is,
fo(z) =p, (0.) for all z € Z.

In the context of models for questionnaire responses (like SEMs), leaving misspecification
degree ¢ and type h(:) in (4) unspecified means that the model can be misspecified due
to an unlimited variety of reasons, for instance but not limited to inattentive or careless
responding (e.g., straightlining, pattern responding, random-like responding), misresponses,
item misunderstanding, or accurate responses that are simply not generated by the assumed
model (sampling errors).

Conceptualizing model misspecification in similar fashion as (4) is commonly done in the
robust statistics literature (see Maronna et al., 2018, for a recent overview) and economet-
ric literature on misspecified moment conditions (e.g. Andrews et al., 2017; Armstrong &
Kolesar, 2021; Bugni & Ura, 2019; Bonhomme & Weidner, 2022; Chernozhukov et al., 2018,
2022; Kitamura et al., 2013; Newey, 1985).

2.4 'Why model in the first place?

It is worthwhile to briefly address the need for modeling in categorical data. First, minimizing
the Kullback-Leibler divergence between the empirical relative frequency of the individual
outcomes and some non-parametrized theoretical outcome probabilities with respect to the
theoretical outcome probabilities yields as estimator the empirical relative frequencies of the
outcomes, which is uninformative. Assuming a model that imposes a parametrization based
on theory is standard in many fields; for instance, factor models are commonly employed in
the analysis of questionnaire responses with repeated elicitation, which aids in validating,
rejecting, or developing novel theories on human behavior (e.g. Ch. 9 in Mardia et al.,
1979). Second, in the context of questionnaire responses, recent work by Bond & Lang
(2019) has pointed out that without assumptions on the latent trait that is being measured
by the questionnaire, possible location differences between two groups of respondents are
not identified. Yet, Bond & Lang (2019) consider the necessary conditions for parametric
and nonparametric identification to be unlikely to be satisfied in practice. In other words,
a possible model on a latent trait is likely to be misspecified. However, this is exactly
the type of situation where robust estimation could be useful: Robust estimators, like the
one presented in this paper, implicitly allow for model misspecification while preserving
estimation accuracy. Hence, if one is worried about violations of modeling assumptions like
those needed for identification, it might be attractive to employ a robust estimator that is
designed to work reasonably well despite violations of said assumptions.

3 Methodology

Throughout this section, suppose one observes a sample { Z;}¥, of N independent categorical
draws from population density f. in (4), that is, the assumed model {p(0) : 8 € O} is



possibly misspecified. In the following, I briefly review the commonly employed maximum
likelihood estimation and then proceed by describing the proposed robust estimator.

3.1 Maximum likelihood estimation

Denote by
N
N. =) 1{Z; =z}
i=1

the empirical frequency of an outcome z € Z. The maximum likelihood estimator (MLE)
of the true parameter 6, can be expressed as

é\NMLE = argmax { Z N log (p= (9)) } (5)

zeZ

Many models for categorical data are commonly estimated via maximum likelihood (and
extensions thereof), including the famous Rasch model in item response theory (Ch. 4 in
Mair, 2018), the polychoric correlation model in eq. 3 (see Olsson, 1979), and even sample
correlation like the Pearson correlation coefficient can be expressed as MLE.

However, while the MLE is consistent and efficient for a correctly specified model, it is
well-known to be inconsistent for 6, when the model is misspecified and is generally highly
susceptible to already small degrees of misspecification (Huber & Ronchetti, 2009; Hampel
et al., 1986; Huber, 1964).

3.2 Proposed estimator

In the following, I propose an estimator of 6, that is asymptotically equivalent to the MLE
in the absence of misspecification, and substantially more accurate than the MLE in the
presence of misspecification. The estimator is based on the following observation. The
empirical relative frequency of a fixed outcome z € Z, denoted

Fe(2) :NZ/N:%ZZ::]I{Z,-:z},

is a pointwise strongly consistent nonparameteric estimator of its corresponding population
cell probability

fe(z) = (1 = €)p= (6.) + eh(z)

as N — oo (see e.g., Chapter 19.2 in Van der Vaart, 1998). Cosequently, if there is no
misspecification (¢ = 0), then model {p (@) : @ € O} is correctly specified because

fo(z) = p= (6.),



whereas if € > 0, then misspecification arises from the model’s cell probabilities not being
equal to the population cell probabilities, that is,

fe(z) # p= (6,). (6)

Consequently, if the model is correctly specified (and 6, is identified), then there exists
a parameter 8 € ® whose associated probability mass function p, () the nonparametric
estimator fN(z) will converge to, namely the true 8 = 6,. Conversely, if there is misspec-
ification, then there is no @ € ©® whose model probability p, (@) the estimate fN(z) will
converge to. This fact can be exploited in the estimation of the model’s parameters by min-
imizing a certain divergence between the empirical relative outcome frequencies, fy(z), and
theoretical outcome probabilities p, (8) returned by the assumed model (1) at parameter
value @ € O to find the most accurate fit that the assumed model can offer for the observed
data. Specifically, the estimator minimizes with respect to 8 the loss

L (9, fzv) =) p(;iVEZDpz 0), (7)

zeZ

where p : [0,00) — R is a predefined function that will be defined momentarily. The proposed
estimator Oy is given by the value minimizing the objective loss over ©,

Oy — arg raréi(glL(G, fN>. (8)

Estimators that minimize a loss function of the type in (7) are called minimum dispar-
ity estimators (Lindsay, 1994) because they minimize a certain disparity between empiri-
cal probabilities (fy(z) here) and theoretical probabilities (p, (6) here). A small disparity
indicates that the assumed model is able to fit observed data well. The disparity is gov-
erned by the choice of the function p(-). Many estimators can be written as minimum
disparity estimators, including the MLE and various estimators for grouped data (Victoria-
Feser & Ronchetti, 1997; Cressie & Read, 1984) through the choice of p(:) (Victoria-Feser
& Ronchetti, 1997; Lindsay, 1994). In the following, I motivate a specific choice of p(-) that
makes the estimator é\N less susceptible to misspecification of the polychoric model.

The fraction fy(z)/p. (0) in (7) is called a Pearson residual® (Lindsay, 1994) and can be
interpreted as a goodness-of-fit measure of outcome z. Values close to 1 indicate a good fit
between data and assumed model at 8, whereas values toward 0 or 400 indicate a poor fit.
Indeed, outcomes whose observations are primarily generated by a different distribution than
that of the assumed model will generally have a Pearson residual away from 1 (see eq. 6).
Hence, to achieve robustness to misspecifcation, outcome frequencies that cannot be modeled
well by the assumed model, as indicated by their Pearson residual being away from 1, should

3Technically, Lindsay (1994) defines Pearson residuals as I (2)/pz (8) — 1. I renounce on subtracting the
value 1 because it makes notation simpler in this paper.
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Figure 1: Visualization of the function p(x) in (9) (left panel) and its derivative (right panel),
for ¢ = 1.6 (vertical dashed blue line).

be downweighted in the estimation procedure such that they do not over-proportionally
affect the fit. Such robustness can be achieved by choosing an appropriate function for p(-)
in loss function (7). I propose to choose the following specification, suggested by Ruckstuhl
& Welsh (2001) for robustly fitting the binomial model,
o) = {xlog(m) %f z €0, ], ()
z(log(c) +1) ifz>e¢,

where ¢ € [1,00] is a prespecified tuning constant.* Figure 1 visualizes this function for the
example choice ¢ = 1.6. Note that the function p(-) is convex, but whether the estimator’s
optimization problem in (8) is also convex depends on the assumed model.

It is easy to see that for the choice ¢ = +o0o in function p(-), minimizing the loss (7) is
equivalent to maximizing the log-likelihood objective in (5), meaning that the estimator 7 N

is equal to 0 MWEE for this choice of . More specifically, if a Pearson residual z = In(z)

) ) of an
outcome z € Z is such that x € [0, ¢] for fixed ¢ > 1, then the estimation procedure(b)ehaves
at this cell like in maximum likelihood estimation. If this Pearson residual x equals 1,
then its associated outcome can be fitted perfectly with the presumed model, so at this
outcome the estimation procedure will behave like maximum likelihood regardless of the
choice of ¢ > 1. In the absence of misspecification (¢ = 0), fx(z) —> p. (0,) as N — 0o
for all z € Z, meaning that all Pearson residuals are asymptotically equal to 1. In other
words, if there is no misspecification, ON is asymptotically equivalent to 9 MLE no matter
the choice of tuning constant ¢ > 1. On the other hand, if an outcome’s Pearson residual
is far away from 1, it cannot be fitted well with the presumed model, which is typically
indicative of the polychoric model being misspecified. In this case, this particular outcome
should not be treated like in maximum likelihood estimation because maximum likelihood is

4Equation (9) is actually just a special case of a more general formulation in Ruckstuhl & Welsh (2001).
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not consistent under misspecification. Instead, the outcome’s influence on the final estimate
should be downweighted to avoid that outcomes that cannot be fitted well dominate the fit,
which happens in maximum likelihood. Such downweighting is employed by function p(x)
in (9) whenever x > ¢ > 1, that is, the Pearson residual is sufficiently far away from the
ideal value 1, where the choice of ¢ governs what is deemed “sufficiently far”. Indeed, for
values x > ¢, the function p(z) increases only linearly with x, as opposed to the non-linear
exponential increase when x < ¢. The notion of requiring nonlinear effects for the bulk of the
data and linear effects in its tails is similar to classic robust estimation as in Huber (1964).

It is shown in Figure 1 how p(z) transitions from exponential growth to linear growth
at x = ¢, as well as the boundedness of its first derivative when c is finite. Hence, if ¢ is
finite, any Pearson residual can only have a bounded effect on the final estimator, as opposed
to unbounded effects in maximum likelihood estimation where ¢ = +o00. Thus, I achieve
robustness against misspecification through the choice of ¢. The closer to 1 one chooses c,
the more robust the estimator becomes. However, there is a well-known tradeoff between
robustness and efficiency for robust estimators: the more robust an estimator, the more
estimation variance is introduced (e.g. Huber & Ronchetti, 2009). Therefore, by choosing c,
one is effectively choosing between robustness and efficiency. A characterization of the this
tradeoff is work in progress. R

With the proposed choice of p(-), I stress that estimator Oy in (8) has the same time
complexity as maximum likelihood, that is, O(#Z), since one needs to calculate the Pearson
residual of all possible outcomes for any given candidate parameter value. Consequently, the
proposed estimator does not incur any additional computational cost compared to maximum
likelihood, and therefore robustness can be achieved without having to pay a computational
price.

3.3 Estimand

Considering the potential presence of model misspecification, it is worth studying what
quantity the proposed estimator @y in (8) estimates. In population, its estimand is given by

0, = arg géi(g[’<07 fs). (10)

This minimization problem is simply the population analogue to the minimization problem
in (7) that the sample-based estimator @y solves, since the fy(z) are the population ana-
logues to the f.(z). In the absence of misspecification (¢ = 0), estimand 8, equals the true
parameter 8,. In the presence of misspecification (¢ > 0) it is generally different from 6,.
How much different it is depends on the degree and type of of misspecification as well as the
choice of tuning constant ¢ in p(-). In general, the larger ¢ (more severe misspecification)
and ¢ (less downweighting of hard-to-fit cells), the further 8, is away from 6,. Hence, for
fixed misspecification degree €, the MLE (¢ = +00) will estimate a parameter that is farther
or equally far away from the true 6, than for finite choices of ¢. Correspondingly, finite
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choices of ¢ lead to an estimator that is at least as accurate as the MLE, and more accurate
under misspecification of the presumed model.

3.4 Assumptions

In the following, T list a set of assumptions that will be entertained in the asymptotic analysis
of the proposed estimator 8y computed on random sample {Z;}Y .

Assumption Set A. Suppose that the following assumptions hold true.
Al cel,+o0]
A2 © C R? is compact,

A3 0y = argmingee L(0, f.) is a unique global minimum, and Oy is an interior point

of ©,

A4 p,(0) is continuously differentiable with respect to @ € O and twice differentiable
at @y for all cells z € Z,

A5 H%—,@H <o forall@€®, zc Z,

A6 p,(0) >0 forall@c®, z€ Z.
AT #{ze Z: f(z) >0} >d,
A8 L(0, f.) is convex in a neighborhood of Oy,

A9 %#cforanyzez.

Assumption A.1 ensures that function p(-) exhibits meaningful behavior when evaluated
at Pearson residuals, such as the ideal residual value 1 being included in the interval [0, ¢].
Compactness of the parameter space (Assumption A.2) is primitive and required for a tech-
nicality when proving consistency of §N.5 Uniqueness of a global minimum in the parameter
space’s interior (Assumption A.3) is a common assumption in the literature on M-type
estimators (e.g., Chapter 5.2 in Van der Vaart, 1998) like the one presented in this pa-
per. Assumptions A.4 and A.5 pertain to the presumed model and require smoothness and
first-order boundedness, as well as second-order differentiability at estimand 6,. These as-
sumptions are standard in the literature on minimum-disparity-type estimators (e.g., Cressie
& Read, 1984; Ruckstuhl & Welsh, 2001; Victoria-Feser & Ronchetti, 1997). The assump-
tion of strictly positive model probabilities (A.6) is also standard in this literature, and
rules out that one divides by zero when calculating Pearson residuals. Related is Assump-
tion A.7, which imposes that the number of positive cell population probabilities is strictly

5This assumption can possibly be modified to ® being open by equipping it with a specific topological
structure.
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larger than the number of model parameters. In other words, there must be more sources of
variation (populated cells) than parameters. One may view this assumption as a rank con-
dition that ensures invertibility of the Hessian matrix of the minimization problem (7), and
is required to prevent rank deficiency of the asymptotic covariance matrix of estimator éN.
Since fy(z) > 0 implies f.(z) > 0, this assumption can be empirically verified. Assump-
tion A.8 is a local convexity assumption that only becomes relevant when the population
minimization problem (10) is not convex, which can happen for some models. Specifically,
this assumption rules out that the gradient of population loss L(8, f.) is flat at value zero
in a region around 6, because such a situation would precipitate an identification problem:
If the gradient is zero-valued in a neighborhood of estimand 6, instead of being zero at 6,
only, then the estimand 6, is not uniquely determined. As such, this assumption refines
the assumption of €y being a global minimum of the population loss (Assumption A.3) by
requiring well-separatedness of the global minimum, which is a common assumption in the
asymptotic analysis of M-type estimators (see Ch. 5.2 in Van der Vaart, 1998, for a discus-
sion). Finally, Assumption A.9 imposes that the Pearson residual at the global minimum is
not equal to tuning constant ¢. This is a primitive condition that is required for the loss to
be twice differentiable at 8, (in combination with Assumption A.4), which is a requirement
for the existence of the estimator’s asymptotic covariance matrix.

I emphasize that no assumption in Assumption Set A restricts the type, source, or magni-
tude of potential misspecification of the considered model. In fact, Assumptions A.2-A.8 are
also required for consistency and asymptotic normality of the MLE. Only assumptions A.1
and A.9 are specific to the proposed estimator because they pertain to tuning constant c.

3.5 Asymptotic analysis

The following theorem establishes strong consistency of §N for @y. The theorem’s proof and
that of all subsequent mathematical statements are given in Appendix D.

Theorem 1 (Consistency). Under Assumptions A.1-A.6, it holds true that
é\N ﬁ) 007
as N — oo.

I now study the limit distribution of the estimator. Doing so necessitates additional
notation. For fixed tuning constant ¢ > 1, let

w(x) =1{z €[0,c]} + cl{x >c}/x forax >0,
with first derivative
w'(v) =01 {x €[0,c]} — cl {x > ¢} /2

and further define the d-dimensional gradient of log (p, (0)) for cell z € Z at parameter 8 €

O as
0

5.0 =51 (59 ®).
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as well as the d x d Hessian matrix of log(p, (0)) as

1 0? T
Q-0 =i (apg77-©)) -~ ©)5:0)"

In addition, define d-dimensional vectors

and a d X m matrix

W)= (s 002, 0. -, 0))

that row-binds all m vectors w, (@) for fixed 8. The j-th column of this matrix equals
the gradient s, (@) if the Pearson residual of the associated cell z;,j = 1,...,m, is in the
MLE-part of the function p(-), and is otherwise equal to a d-dimensional zero. In similar
fashion, define the m-dimensional vector

-
fE = (f&(z1)7 fE(z2>7 B fE(zm)>
that holds all m evaluations of the population density f., and put

Q= diag(fs) - fefz—:T

With this notation, I can establish root-N consistency and asymptotic normality of esti-
mator @y in the following theorem.

Theorem 2 (Asymptotic normality). Grant the assumptions of Assumption Set A. Then
VN (85 = 80) <5 Na(0.(80) ).

as N — oo, where, as a function of @ € O, the invertible asymptotic covariance matriz is
given by

where

U@ =W (O QW (©0)"  and

M(8)= 3 £(2) (w' ( zfj(?)) s 0).(0) - w( fg@)@z(e))

zeZ

are d X d symmetric and invertible matrices.
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A strongly consistent estimator of the unobserved asymptotic covariance matrix 3 (6y)
can be constructed as follows. Replace all population class probabilities f.(z) by their
corresponding empirical counterparts fy(z) in matrices W (8) , M (8), and €. Then exploit
the plug-in principle and evaluate U (6) and M (0) at the point estimate 6. Denote the

ensuing plug-in estimator by X <§N>, which is strongly consistent for 3 (6y) by Theorem 1

and the continuous mapping theorem.

Moreover, it can be shown that in the absence of misspecification, the asymptotic covari-
ance matrix of the proposed estimator, 3(6y) from Theorem 2, is equal to the asymptotic
covariance matrix of the MLE whenever ¢ > 1 (see Lemma B.5 in the Appendix). Hence, if
the model is correctly specified, both estimators are first and second order equivalent.

3.6 Goodness-of-fit test

Suppose one wishes to test the null hypothesis that an individual cell in a k-way contingency
table can be fitted well by the presumed model. Rejecting this null hypothesis is indicative
of the model’s misspecification, at least for that cell. This notion can be conceptualized
by means of Pearson residuals. Recall that a Pearson residual of value 1 indicates that the
corresponding cell can be fitted well, whereas a Pearson residual significantly larger than 1
indicates poor fit. For a given cell z € Z, this translates into the natural null hypothesis
with one-sided alternative

=1 VS. H, :

which is equivalent to
Ho:p. (80) = fn(2)  vs.  Hy:ps(60) < fn(2). (11)

Ideally, a test for such a hypothesis will reject Hy if the presumed model is misspecified for
that cell, and sustain Hy if it is correctly specified for that cell. It turns out that a test
statistic that satisfies these two desirable properties is given by

Pz <§N) - J?N(Z)

\/02(80) /N

02 (0) = g:(0) '3 (0) g-(6)

Tn(z) = (12)

where

for gradient

g:(0) = 8p56<,9>-

The intuition behind using test statistic Ty (z) to test Hy : p, (6y) = fN(z) is as follows.
If the presumed model is correctly specified (¢ = 0 so that 8y = 6, ), it holds true that
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fN(z) 2% p. (80) as well as p, <§N> 2% . (6y) by Theorem 1 and the continuous mapping

theorem. It follows that the difference between p, (@v) and J?N(z) vanishes as N grows to

infinity. Indeed, the following corollary (Corollary 1) shows that this difference, when scaled
appropriately to equal Ty (2), converges in distribution to a zero-mean Gaussian distribution,
provided that the model is correctly specified. However, if the model is misspecified (¢ > 0),

then fN(z) 2% f.(z) and p, <§N> 2% p. (80), but f.(2) # p~ (6y) because of the misspeci-

fication. Consequently, the difference between p, <9A N) and fN(z) does not converge to zero

(and need not converge at all). Hence, if Tiy(2) is statistically significantly different from a
zero-mean Gaussian sequence, there is evidence that the presumed model is misspecified, at
least at cell z. The following corollary of Theorem 2 formally establishes the validity of test
statistic Ty (z) for testing the null hypothesis Hy : fy(2) = p. (6).

Corollary 1 (Limit distribution of test statistic). Grant the assumptions of Assumption
Set A and consider a given cell z € Z. Then, under the null hypothesis in (11), the test
statistic Tn(z) in (12) possesses the following limit distribution:

Tn(z) -4 N(0,1),
as N — oo.

In practice, the variance term o2 (6y) in test statistic Tiy(z) is unobserved, but it can be
strongly consistently estimated by o2 (@V), which follows from Theorem 1 and the contin-

uous mapping theorem. Hence, in practice, one uses the approximate test statistic
Pz <0N> — fn(2)
0'2 <§N> /N

for hypothesis testing. In addition, it should be noted that using this test to test the null
hypothesis in (11) for all m outcomes in sample space Z creates a multiple comparisons
problem. I therefore recommend to adjust the ensuing p-values for multiple comparisons, for
instance through the procedure of Benjamini & Hochberg (1995).

As an additional theoretical result, I derive the influence function of estimator éN in
Appendix B. It turns out that for tuning constant choices ¢ > 1, the influence function
equals that of the non-robust MLE, but remains bounded at categorical data. Similar results
have been derived for minimum power divergence estimators (Victoria-Feser & Ronchetti,
1997), minimum Hellinger distance estimators (Simpson, 1987; He & Simpson, 1993; Lindsay,
1994), and minimum disparity estimators at the binomial model (Ruckstuhl & Welsh, 2001).
However, I argue that the influence function is not a very informative measure when working
with categorical data because the influence of a single categorical observation is bounded by
construction due to the bounded nature of categorical data. A detailed discussion is provided
in Appendix B.

Tn(z) =
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3.7 Computational and practical aspects

The minimization problem of the estimator in (7) can be solved with standard gradient
descent methods, which allows one to impose constraints on the model parameters. In
the spirit of open and reproducible science and to enhance accessibility and adoption by
empirical researchers, an R implementation of the proposed methodology is freely available
in the package robcat (Welz, 2024, for “ROBust CATegorical data analysis”). To maximize
speed and performance, the package is predominantly developed in C++ and integrated to R
via Repp (Eddelbuettel, 2013).

As for the tuning constant ¢ € [1, +0o0] in function p(+) in (9), the choice ¢ = 1.6 yielded a
good compromise between robustness and efficiency in numerous simulation experiments. |
therefore recommend this choice for practical use, but a detailed investigation on the optimal
choice of ¢ is work in progress.

4 Monte Carlo experiments

In order to verify the theoretical guarantees of the proposed estimator and demonstrate its
performance in practice, I employ a series of Monte Carlo simulation experiments. In these
experiments, I emulate a SEM on questionnaire responses where some respondents only
give inattentive responses. As described in Section 2.2, polychoric correlation coefficients
estimated with my proposed robust estimator is the workhorse behind robustifying SEMs
against inattentive responding (among other sources of misspecification). Therefore, the
simulation design is twofold: In the first design, I study estimation of the pairwise polychoric
model in (3), while the second design focuses on fitting SEMs.

4.1 Polychoric correlation

Consider a pairwise polychoric correlation model for two rating items (eq. 3). Let there
be J, = J, = 5 response categories for each of the two rating variables Z = (X,Y)" and
define the true thresholds in the polychoric model as

CL*71 = b*,l = —15, (1,*’2 = b*72 = —05, a*’g = b*’3 = 05, CL*74 = b*,4 = 15, (13)

and let the true polychoric correlation coefficient be g, = 0.5. Then, for a bivariate standard
normally distributed latent random variable with correlation coefficient g,, denoted (£, n),
observations of rating responses (X,Y') are generated by

(1 if & <a, 1 ifn < b,
2 ifa1§§<a2, 2 lfb1S77<b27
_ : and _ : (14)
X =<3 ifay<¢{<as, Y =43 ifby <n<bs,
4 if ag <& < ay, 4 if by < < by,
5 ifa4§§, \5 1fb4§7]

18



Estimator Polycor robust E Polycor ML Sample cor

001 %— __________________________

-0.24

_0.4.

+

-0.8

Bias

Misspecification degree €

Figure 2: Boxplot visualization of the bias (on — g«) of the three estimators, Pearson sample
correlation, the MLE, and the proposed robust estimator with ¢ = 1.6, for various degrees of
misspecification across 1,000 simulated datasets.

To emulate misspecification of the polychoric model, let a fraction € of the latent (£, )
be generated by a bivariate normal distribution with mean (2, —2)", variances (0.2,0.2)",
and zero covariance (and therefore zero correlation) that causes the polychoric model (3)
to be misspecified. Hence, in simulated data with nonzero misspecification e, the empirical
frequency of cells (z,y) € {(5,1), (4,3), (5,2)} will be inflated in the sense that they have a
higher realization probability than under the true polychoric model distribution. The data
points causing these three cells to be inflated are instances of negative leverage points. Here,
such leverage points drag correlational estimates away from a positive value towards zero or,
if there are sufficiently many of them, even a negative value.

For misspecification degrees ¢ € {0,0.1,0.2}, I sample N = 1,000 rating re-
sponses from this data generating process and estimate the true parameter 6, =
(Ouy Qs vy Qs ity 19*74)T by means of the Pearson sample correlation coefficient
(for o.), the MLE, as well as the proposed estimator with tuning constant set to ¢ = 1.6,
since this choice yielded a good compromise between robustness and efficiency in further
simulation studies. This procedure is repeated for 1,000 simulated datasets. As performance
measures, I calculate the average bias, standard deviation across repetitions, coverage, and
length of confidence intervals at significance level o = 0.05. The coverage is defined as pro-
portion of (1 — «)-th confidence intervals [On F ¢i1—qa/2 - SE(0n)] that contain the true o,
where ¢i_q/2 is the (1 — «/2)-th quantile of the standard normal distribution and SE(py) is
the standard error of gy, which is constructed using the limit theory developed in Theorem 2.
The length of a confidence interval is given by 2 - ¢1_4/2 - SE(0n).
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Misspecification Estimator ON Bias  StDev Coverage CI length

Polycor robust 0.504 0.004 0.027 0.930 0.104
e=0 Polycor ML 0.500 0.000 0.026 0.943 0.102
Sample cor 0.457 —0.043 0.025 0.702 0.110
Polycor robust 0.466 —0.034 0.038 0.911 0.152
e=0.1 Polycor ML 0.097 —0.403 0.029 0.000 0.134
Sample cor 0.084 —0.416 0.026 0.000 0.124
Polycor robust 0.439 —0.061 0.051 0.951 0.220
e=0.2 Polycor ML —-0.172 —-0.672 0.028 0.000 0.133
Sample cor —-0.133 —0.633 0.026 0.000 0.123

Table 1: Performance measures of of the three estimators, Pearson sample correlation, the MLE,
and the proposed robust estimator with ¢ = 1.6, for various degrees of misspecification across 1,000
simulated datasets. The true polychoric correlation coefficient is p, = 0.5. The performance
measures are the average point estimate of the polychoric correlation coefficient, gy, average bias
(0N — 0+), the standard deviation of the on (“StDev”), the estimator’s coverage with respect to the
true g, at significance level a = 0.05, as well as the length of the estimator’s confidence interval,
again at level a = 0.05.

Figure 2 visualizes the bias of each estimator with respect to the true polychoric corre-
lation g, across the 1,000 simulated datasets. Analogous plots for the whole parameter 6,
can be found in Appendix C; the results are similar to those of g,. For all considered mis-
specification degrees, the estimates of the MLE and sample correlation are similar, which
is expected because these two estimators are known to yield similar similar results when
there are five or more rating options (cf. Rhemtulla et al., 2012). In the absence of mis-
specification, both MLE and the robust estimator yield accurate estimates. Both estimates
are nearly equivalent to one another in the sense that their point estimates, standard de-
viation, and coverage at significance level @ = 0.05 are very similar (Table 1). However,
when misspecification is introduced, MLE, sample correlation, and robust estimator yield
noticeably different results. At misspecification degree ¢ = 0.1, MLE and sample correlation
are substantially biased with average estimates of 0.097 and 0.084, corresponding to biases
of —0.403 and —0.416, respectively, as well as zero coverage. In contrast, the robust esti-
mator maintains accuracy with an average estimate of 0.466, which corresponds to only a
minor bias of —0.034 and a good coverage of 0.911 (Table 1). When the misspecification
is increased to ¢ = 0.2, the contrast between the estimators becomes even stronger. While
the robust estimator is still remarkably close to the truth with a small bias of —0.061, MLE
and sample correlation produce estimates that are not only severely biased (biases of —0.672
and —0.633), but also sign-flipped: While the true correlation is strongly positive (0.5), both
estimates are considerably negative (—0.172 and —0.133). It is worth noting that in the
presence of misspecification, the confidence intervals of the robust estimator are wider than
those of the MLE (see Table 1). This is expected because of the well-known trade-off be-
tween robustness and efficiency: An estimator that is designed to reduce bias, like a robust
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estimator, will inevitably have a larger estimation variance (e.g. Huber & Ronchetti, 2009).
These wider confidence intervals furthermore explain why the robust estimator improves its
coverage in Table 1 when the degree of misspecification is increased from 0.1 to 0.2.

This first simulation study demonstrated that already a small degree of misspecificaion
of the polychoric model can render the commonly employed MLE and sample correlation
unreliable, while the proposed robust estimator retains good accuracy even in the presence
of considerable misspecificaion. On the other hand, when the model is correctly specified,
MLE and robust estimator produce equivalent results. With these affirmative results in
mind, I proceed to the second simulation study, where a structural equation model is fitted
to a robustly estimated polychoric correlation matrix that was computed on data for which
the model is misspecified due to inattentive responding.

4.2 Structural Equation Modeling

This second simulation design emulates a popular type of SEM, namely a confirmatory factor
analysis (CFA). In a CFA, a scale compprising multiple rating items is tested for validity
and reliability. That is, does the scale indeed measure the latent construct it is supposed to
measure, and does it so reliably?

Suppose there are ¢ = 4 rating items that jointly measure the same unidimensional
(r = 1) latent construct in a reliable manner by having a ¢ x r factor loadings matrix

A = (0.75,0.75,0.75,0.75) "

and diagonal ¢ X ¢ noise covariance matrix ¥ with diagonal elements all being equal to 0.4375.
Then, by factor model (2), the ensuing ¢ x ¢ population correlation matrix X is characterized
by having the same pairwise correlation of 0.5625 between all distinct items. It follows that
this scale is indeed reliable for the latent construct with a population Cronbach-a of 0.84.5

I then generate N = 1,000 responses to the ¢ = 4 rating items with J = 5 response
options each by drawing from a zero-mean normal distribution with correlation matrix X
and use these draws to generate rating responses according to discretization process (14),
where the same thresholds as in (13) are used for each variable. To emulate inattentive
responding, I replace a fraction ¢ € {0,0.1,0.2} of the generated rating observations with
the negative leverage point (1,5,1,5)". Such a response vector corresponds to a respondent
who alternates between the most extreme response points, regardless of item content.” Based
on the resulting NV x ¢ data matrix of ratings, I estimate the correlation matrix 3 by means
of the standard Pearson sample correlation matrix as well as pairwise polychoric correlation
coefficients estimated robustly (with choice ¢ = 1.6) and via MLE. Then, based on the

6Cronbach’s a (Cronbach, 1951) is a lower bound on the reliability of a scale, and is computed from
the scale’s correlation matrix. In general, a scale with Cronbach-a of 0.75 or higher is considered reliable
(Robinson, 2018).

"This response vector may alternatively be interpreted as the responses of a straightliner at the first
option, after recoding negatively worded items (which would here be the second and fourth item).
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Figure 3: Boxplot visualization of the RMSE of loadings matrix A, correlation matrix 3, and
Cronbach’s « for the three estimators for various degrees of misspecification across 1,000 simulated
datasets.

estimated correlation matrix X, the factor model (2) is fitted with r = 1 factor by means of
maximum likelihood® to obtain estimates of loadings matrix A and error covariance matrix W.
In addition, I estimate the scale’s reliability by calculating an estimate of Cronbach’s-av based
on the estimated correlation matrix. This procedure is repeated 1,000 times. As performance
measures, | calculate the root mean squared error (RMSE) between estimate and true value
of each element in matrices A and ¥ as well as Cronbach’s a.

Figure 3 visualizes the simulation results by means of boxplots. Like in the simulation
design for pairwise polychoric correlations (Figure 2), MLE-based estimation of the poly-
choric correlation matrix yields similar results as estimation based on the sample correlation
matrix, which is in line with expectations (cf. Rhemtulla et al., 2012). In the absence of
inattentive responding (¢ = 0), both polychoric estimates (MLE and robust) are equivalent
and accurate with respect to all three performance measures. However, once inattentive
responding is introduced, the MLE and sample correlation-based estimates display a large
bias: At misspecification degree ¢ = 0.1, both have an RMSE of about 0.2 and 0.35 for

8 Alternatively, one could also fit a factor model via principal components or least-squares approaches.
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the loadings matrix and correlation matrix, respectively, as well as an inaccurate estimate of
Cronbach’s a: While the true value of Cronbach’s o of 0.84 indicates a reliable scale, the two
non-robust estimators would suggest an rather unreliable scale with an estimated reliability
of only about 0.65. In contrast, the robust estimator remains accurate with respect to all
three performance measures. In addition, while the performance of the two non-robust es-
timators further deteriorates with increasing prevalence of inattentive responding (e = 0.2),
that of the robust estimator remains stable and almost unaffected.

To conclude this section, my Monte Carlo experiments demonstrated the performance and
practical usefulness of the proposed robust estimator when applied to a SEM: While hitherto
estimation approaches are highly sensitive to the adverse effects of inattentive responding,
the robust estimator remains almost unaffected by their presence although it makes no as-
sumption about the inattention’s magnitude or type. On the other hand, in the absence
of inattentive responding, the robust estimator yields equivalent results to hitherto estima-
tors. These simulation results suggest that a SEM can be robustified against inattentive
responding by using the novel robust estimator proposed in this paper.

5 Empirical application

5.1 Background and study design

In this section, I demonstrate the proposed methodology on empirical data by using a subset
of the 100 unipolar markers of the Big-5 personality traits (Goldberg, 1992).° Each marker
is a questionnaire item comprising a single English adjective (such as “bold” or “timid”)
asking respondents to indicate how accurately the adjective describes their personality using
a b-point Likert-type rating scale (very inaccurate, moderately inaccurate, neither accurate
nor inaccurate, moderately accurate, and very accurate). Here, each Big-5 personality trait
is measured with six pairs of adjectives that are polar opposites to one another (such as
“talkative” vs. “silent”), that is, twelve items in total for each trait. It seems implausible
that an attentive respondent would choose to agree (or disagree) to both items in a pair of
polar opposite adjectives. Consequently, one expects a strongly negative correlation between
polar adjectives if all respondents respond attentively (Arias et al., 2020). Hence, this dataset
is well-suited to test if my robust estimator can correctly identify and account for inattentive
respondents, which are presumably those who gave inconsistent responses to polar opposite
adjective items.

Arias et al. (2020) collect measurements of three Big-5 traits in this way, namely ez-
troversion, neuroticism, and conscientiousness.' The sample that I shall use, Sample 1 in

9The Big-5 factor model is a fundamental model in personality psychology. It assumes that human per-
sonality can be described by five latent variables (traits), namely openness, conscientiousness, extraversion,
agreeableness, and neuroticism.

10 Arias et al. (2020) synonymously refer to neuroticism as emotional stability. Furthermore, in addition to
the three listed traits, Arias et al. (2020) collect measurements of the trait dispositional optimism by using
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Arias et al. (2020), consists of N = 725 online respondents who are all U.S. citizens, native
English speakers, and tend to have relatively high levels of reported education (about 90%
report to hold an undergraduate or higher degree). Concerned about respondent inattention
in their data, Arias et al. (2020) construct a factor mixture model for detecting inattentive
participants. Their model crucially relies on response inconsistencies to polar opposite ad-
jectives and is designed to primarily detect inattentive straightlining responding. They find
that inattentive responding is a sizable problem in their data. Their model estimates that
the proportion of inattentive participants amounts to 4.7% in the conscientiousness, 6% in
the neuroticism, and 7.3% in the extroversion scale. After some further analyses, the authors
conclude that if unaccounted for, inattentive responses can substantially deteriorate the fit of
theoretical models, produce spurious variance, and overall jeopardize the validity of research
results.

Due to the suspected presence of inattentive respodents, I employ my robust estimator
with tuning constant choice ¢ = 1.6 to estimate the polychoric correlation matrix of the
twelve items in the neuroticism scale. The results of the remaining two scales are qualitatively
similar. I then conduct a confirmatory factor analysis (which is a special case of SEM)
on this estimated correlation matrix. I repeat this exercise for a non-robustly estimated
correlation matrix, namely the Pearson sample correlation matrix, which is the standard
way of conducting factor analyses with questionnaire data. Conducting the analysis with
a polychoric correlation matrix estimated via MLE yields similar results as with a sample
correlation matrix; I therefore omit the former from the reported results.

5.2 Results of correlation matrix estimation

Figure 4 visualizes the absolute differences between the robustly estimated polychoric cor-
relation matrix and sample correlation matrix of the neuroticism scale. For all individual
unique item pairs, the robust method estimates a stronger correlation coefficient than sam-
ple correlation. The differences in absolute estimates on average amount to 0.13, ranging
from only marginally larger than zero to a substantive 0.36. For correlations between polar
opposite adjectives, the average absolute difference between the robust method and sample
correlation is 0.20. The fact that a robust method consistently yields stronger correla-
tion estimates than a non-robust method, particularly between polar opposite adjectives,
is indicative of the presence of negative leverage points, which drag negative correlational
estimates towards zero, that is, they attenuate the estimated strength of correlation. Here,
such negative leverage points could be the responses of inattentive participants who report
agreement or disagreement to both items in item pairs that are designed to be negatively
correlated. For instance, recall that it is implausible that an attentive respondent would
choose to agree (or disagree) to both adjectives in the pair “envious” and “not envious” (cf.
Arias et al., 2020). If sufficiently many such respondents exist, then the presumably strongly

a different instrument, and gather data for another scale that is designed to not measure any construct. For
the sake of brevity, I do not consider these scales in this empirical demonstration.
HThe results remain qualitatively similar for different finite choices of c.
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Figure 4: Difference between absolute estimates for the robustly estimated polychoric correlation
matrix and the Pearson sample correlation matrix of the neuroticism scale, using the data of Arias
et al. (2020). The numerical estimates of each method are provided in Table C.1 in Appendix C. The
individual adjective items are “calm” (N1_P), “angry” (N1.N), “relaxed” (N2_P), “tense” (N2_N),
“at ease” (N3_P), “nervous” (N3_N), “not envious” (N4_P), “envious” (N4_N), “stable” (N5_P),
“unstable” (N5_N), “contented” (N6_P), and “discontented” (N6_N). For the item naming given
in parentheses, items with identical identifier (the integer after the first “N”) are polar opposites,
where a last character “P” refers to the positive opposite and “N” to the negative opposite.

negative correlation between these two opposite adjectives will be estimated to be weaker
than it actually is.

To further investigate the presence of inattentive respondents who attenuate correlational
estimates, I study in detail the adjective pair “not envious” and “envious”, which featured
the largest discrepancy between the non-robust and robust estimates in Figure 4, with an
absolute difference of 0.36. The results are summarized in Table 2. The maximum likelihood
estimate of —0.618 and sample correlation estimate of —0.562 for the correlation between
these two items seem remarkably weak considering that the two adjectives in question are
polar opposites. In contrast, its robust estimate estimate is given by —0.925, which seems
much more in line with what one would expect if all participants responded accurately and
attentively (cf. Arias et al., 2020).

To study the potential presence of inattentive responses in each response cell z = (z,y) €
{1,...,5}? of the item pair “envious” and “not envious”, Figure 5 visualizes the empirical
relative frequencies, ]? ~n(2), through dot size, as well as the associated Pearson residual at
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Figure 5: Dot plot of cells for the neuroticism item adjective pair “envious” and “not envious” in
the data of Arias et al. (2020), where each item has five Likert-type response options, anchored by

“very inaccurate” (= 1) and “very accurate” (= 5). Each dot’s size is proportional to the relative
empirical frequency of its associated cell, fx(z), whereas its color varies by the value of the cell’s

Pearson residual, ]?N(z) /D2 <§N>, at robust parameter estimate with tuning constant ¢ = 1.6: The

darker in blue a dot, the larger the value of the Pearson residual of its associated cell. The color
of cells that could not be fitted well is fixed to red, where I deem a fit poor if the Pearson residual
exceeds value 5.48 (which is the value of the smallest Pearson residual that is substantially larger
than ideal value 1). The data visualized here can be found in Table C.2 in Appendix C.
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Sample cor MLE Robust
Parameter Estimate SE  Estimate SE  Estimate SE

0 —0.562 0.031 —0.618 0.025 —0.925 0.062
ax —1.370 0.061 —1.570 0.276
a9 —0.476  0.043 —0.560 0.203
as 0.121 0.042 0.109 0.187
ay 1.060 0.054 1.080 0.105
b1 —0.857 0.049 —-0.905 0.073
by —0.004 0.041 —0.040 0.091
bs 0.608 0.045 0.640 0.364
by 1.580 0.071 1.171 0.811

Table 2: Parameter estimates with standard errors (SEs) for the correlation between the neuroti-
cism adjective pair “envious” and “not envious” in the data of Arias et al. (2020), using sample
correlation, polychoric correlation fitted by maximum likelihood, and polychoric correlation fitted
by my robust estimator with tuning constant ¢ = 1.6. Each adjective item has five Likert-type an-
swer categories. The sample correlation coefficient does not model thresholds, hence no estimates
can be reported for them.

the robust estimate, fN(z) / D= <§N>, through dot color (the darker the blue shade, the

larger). Importantly, the color of cells whose Pearson residual exceed 5.48 has been fixed
to red.'? This truncation value is equal to the value of the smallest Pearson residual that
is substantially larger than the ideal value 1. 1 consider cells whose Pearson residual ex-
ceeds this truncation value to have a poor fit at the polychoric model. This applies to a
total of 12 cells, some of which have enormous Pearson residuals. The Pearson residuals
of the remaining 13 cells are reasonably close to ideal value 1, ranging from 0.65 to 1.42
with average 0.89. The Pearson residuals as well as relative empirical frequencies of all
cells can be found in Table C.2 in the Appendix. It stands out that all poorly fitted
cells are those whose responses might be viewed as inconsistent. Indeed, response cells
(x,y) = (1,1),(1,2),(2,1), (1,2) indicate that a participant reports that neither “envious”
nor “not envious” characterizes them accurately, which are mutually contradicting responses,
while for response cells (z,y) = (4,4), (4,5), (5,4), (5,5) both adjectives characterize them
accurately, which is again contradicting. As discussed previously, such responses are likely
due to inattentiveness. The robust estimator suggests that such responses cannot be fitted
well by the polychoric model and subsequently downweighs their influence in the estimation
procedure by mapping their Pearson residual with the linear part of the p(-) function in (9).
Notably, also cells (z,y) = (1,3),(3,1),(3,5), (5,3) are classified as poorly fitted. These re-
sponses report (dis)agreement to one opposite adjective, while being neutral about the other

12The truncation of the color gradient in Figure 5 prevents that the color gradient is dominated by single
cells with extreme Pearson residuals, which would blur the distinction between well fitted and poorly fitted
cells.
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“Envious”

X\Y 1 2 3 4 5

< 0.0001 0.0002 0.8429 0.8274 0.8429

< 0.0001 0.0033 0.8429 0.9146 0.8274
0.8274  0.9896 0.8429 0.8429 0.8429
0.8429  0.9079 0.8863 0.5251 0.0003
0.8429 0.8429 0.5251 < 0.0001 < 0.0001

“Not Envious”

U W N =

Table 3: p-values, adjusted for multiple comparisons by the procedure of Benjamini & Hochberg
(1995), of the cellwise goodness-of-fit test in Corollary 1 for the neuroticism adjective pair “envious”
and “not envious” in the data of Arias et al. (2020), where each item has five Likert-type response
options, anchored by “1 = very inaccurate” and “5 = very accurate”. The test statistics were
computed with robust estimates using tuning constant ¢ = 1.6. Cells in boldface are those for
which the null hypothesis of unit Pearson residual is rejected at significance level o = 0.001 in favor
of the alternative of it being larger than one.

opposite. It is beyond the scope of this paper to assess whether such response patterns are
indicative of inattentive responding, but the robust estimator suggests that such responses
at least cannot be fitted well by the polychoric model with the data of Arias et al. (2020).
Next, I perform the goodness-of-fit test derived in Corollary 1 for each response cell to
assess for which cells the polychoric model achieves a statistically significantly poor fit in
the “not envious”—‘“envious” item pair. Table 3 presents the p-values for the hypothesis
test in (11), adjusted for multiple comparisons via the procedure of Benjamini & Hochberg
(1995). Values for which the null hypothesis is rejected at significance level a = 0.001
are in boldface. This choice of significance level is deliberately extremely conservative be-
cause the literature on inattentive responding recommends overwhelming evidence in fa-
vor of inattention before one should label responses as such (cf. Huang et al., 2012). At
this significance level, the null hypothesis of a good fit is rejected for six cells, namely
(x,y) = (1,1),(2,1),(1,2),(5,4), (4,5), (5,5). These six cells comprise 5.52% of the entire
sample. As discussed in the previous section, it seems likely that these responses are due to
inattention because of inconsistent and contradictory responding. Either way, my test offers
strong empirical evidence that these cells are outlying in the sense that they cannot be fitted
well by the polychoric model and therefore lead to deteriorated model fit. This is consistent
with Arias et al. (2020), who find that even a relatively small proportion of inconsistent
responses can drastically reduce a model’s fit. In their analyses, they estimate that 6% of all
respondents in the neuroticism scale have been inattentive. Yet, albeit similar, I emphasize
that the estimate of 5.52% can be, if at all, understood as a lower bound for the proportion
of inattentive responding because of the extremely conservative significance level I chose for
my analyses. For instance, the null hypothesis of good model fit was not rejected for the
seemingly inconsistent response cell (z,y) = (2, 2) (relative empirical frequency of about 4%)
with a p-value of approximately 0.003, but would have been rejected at a slightly more lib-
eral significance level. In addition, it is worth noting that the null hypothesis was also not
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rejected for one more seemingly inconsistent response cell, namely (z,y) = (4,4), despite
a relatively large Pearson residual of 12.66. This non-rejection is likely due to low statisti-
cal power stemming from a small empirical frequency of this cell, since it only counted 14
responses (out of 725). Similar reasoning applies to the remaining four cells that were high-
lighted in red in Figure 4 but for which the null hypothesis of good fit was not rejected,
namely those who indicate (dis)agreement to one adjective, while being neutral about its
opposite. These four cells, (x,y) = (1, 3),(3,1),(3,5), (5, 3), only count empirical frequencies
of 2, 4, 2, and 4, respectively.

Overall, leveraging the proposed robust estimator, I find strong evidence for the presence
of inattentive respondents in the data of Arias et al. (2020). While they substantially affect
the correlational estimate of Pearson sample correlation, amounting to about —0.56, which
is much weaker than one would expect for polar opposite items, my robust estimator can
withstand their influence with an estimate of about —0.93 and also identify them by means
of the proposed test. Similar conclusions follow by repeating this analysis for different item
pairs.

5.3 Results of structural equation modeling

In this section, I perform confirmatory factor analyses on the data of Arias et al. (2020) in
the neuroticism scale. That is, I fit a factor model as in (2) with a single factor to each of
the two estimated correlation matrices. Table 4 presents the estimates factor loadings for
each estimator. The estimated loadings of the robust estimator are consistently higher than
those of the non-robust sample correlation estimator, indicating greater internal consistency.
Indeed, the neuroticism factor of the robust analysis can explain 53% of the variation in
the data, whereas the factor of the non-robust analysis can only explain 40%. In addition,
the robust analysis yields higher reliability than the non-robust analysis, as can be seen by
Cronbach-« estimates of 0.89 and 0.93, respectively.

The fact that a robust estimator yields a more internally consistent factor structure than
a non-robust estimator is indicative of the presence of irregular data points, namely the
inconsistent (and presumably inattentive) responses the robust estimator identified in the
previous section and whose adverse influence it can withstand by down-weighting them in
the estimation procedure.

This empirical application demonstrated how the proposed estimator can be used to
robustify SEMs against inattentive respondents. I find compelling evidence for the presence
of inattentive responding, and the proposed robust estimator can not only identify them,
but also account for their presence to obtain a good model fit.

6 Conclusion

In this paper, I develop a novel estimator for models of categorical variables that is designed
to be robust to misspecification of such models, which is the first of its kind and can be
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Item Sample corr Robust polycor

N1_P 0.70 0.80

N1.N 0.56 0.66

N2_P 0.76 0.86

N2_N 0.68 0.78

N3P 0.77 0.88

N3N 0.66 0.74

N4_P 0.35 0.46

N4_N 0.46 0.54

N5 P 0.69 0.77

N5_N 0.67 0.73

N6_P 0.57 0.66

N6_N 0.64 0.71
Proportion variance 0.40 0.53
Cronbach’s « 0.89 0.93

Table 4: Factor loadings estimates in the unidimensional confirmatory factor analysis of the
neuroticism scale, using the data of Arias et al. (2020).

thought of as an analogue to robust M-estimation for non-continuous variables. The es-
timator is shown to be consistent and asymptotically normally distributed, and possesses
attractive properties with respect to robustness and computation. Crucially, the estimator
makes no assumption whatsoever on the degree, magnitude, or type of misspecification. If
misspecification is absent, the estimator is asymptotically equivalent to maximum likelihood
estimation (MLE), but more robust than MLE in the presence of misspecification. In ad-
dition, I develop a novel diagnostic test that can test if a given categorical observation can
be fitted well by the presumed model, allowing one to trace back potential sources of model
misspecification. The methodology proposed in this paper is implemented in the free open
source package robcat (Welz, 2024) in the statistical programming environment R, although
it is primarily developed in C+4 to maximize speed and computational performance.

I verify the enhanced robustness and theoretical properties of the novel estimator in
simulation studies and demonstrate its practical usefulness in an empirical application on
structural equation modeling of questionnaire responses to a Big-5 administration. I find
compelling evidence for the presence of inattentive respondents. For instance, in a rating
item pair with polar opposite content where a strong negative correlation is expected, the
robust estimator yields a correlational estimate of —0.93, whereas non-robust estimators yield
only —0.56 to —0.62; it follows that the robust estimate is more in line with the literature on
the corresponding scale. Utilizing the proposed diagnostic test, I argue that the lower-than-
expected estimates of the non-robust method are likely due to a few possibly inattentive
participants who gave mutually contradictory responses, while the robust estimator can
resist their influence. In addition, conducting a confirmatory factor analyses with the robust
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estimator yielded more core consistent factor loadings, higher explained variance, and greater
scale reliability than commonly employed estimation methods.

Although the proposed estimator is particularly useful in models for questionnaire re-
sponses, | stress that it can be applied to any model of categorical responses. Examples
include models from item response theory, counting processes, or categorical regression,
thereby potentially giving rise to a new research line. I leave these exciting avenues to
further research.
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A Popular categorical models

In addition SEM presented in Section 2.2, this section describes two more commonly used
models for categorical models, namely the Rasch model from item response theory and
a Poisson counting process. I stress that these three models (SEM, Rasch, Poisson) are
designed for three different types of categorical variables, namely ordinal ones, nominal
ones, and counting variables. The proposed robust estimator can be applied to fit all three
models.

Example 1 (Rasch model). The Rasch model (Rasch, 1960) is a fundamental model to model
a test taker’s probability to answer correctly to a test’s questions. Let the test comprise &
questions and let X = (Xi,...,X;)" be a binary vector whose j-th element equals 1 if
the j-th question was answered correctly, and zero otherwise. It follows that the sample
space is given by X = {0,1}*. Further, denote by S = Z?Zl X; the number of correctly
answered questions, known as the score. Since the unconditional Rasch model suffers from
the incidental parameter problem,' one instead (Andersen, 1972) works with the conditional
probability for & € X given a score s € {0,...,k}, being

exp(—xz'0)
p.(0) =Py X =x | S=5s]= ,
> yen(s) €XP(—y10)
where z = (x',s)", 8 € RF is a k-vector of question difficulties, and D(s) =

{a: cX: 2521 Tj = s} denotes the set of response vector with score s.

Example 2 (Poisson process). Counting processes model how often a certain event oc-
curs in a given time period, which is a discrete outcome. Assume that one has access to
counting observations in k periods, where the j-th period is given by (a;,b;] with known
finite boundaries a; < b; < a4, and random variable Z; € Ny = {0,1,2,...} counts the
number of event in the j-th period, ;7 = 1,...,k. Consequently, the k-dimensional ran-
dom variable Z = (Z;,...,7;)" holds the counts per period and takes values in sample
space Z = NEI One of the most popular counting processes is the stationary Poisson point
process (e.g. Daley & Vere-Jones, 2003, equation 2.1.1), which defines the probability of

IThe unconditional Rasch model is defined by the individual-specific probability

exp (Z§=1 zj(oy — Hj))
[T, (1 + expla; — ;)

where §; parametrizes the difficulty of question j, whereas a; parametrizes the ability of test taker i =
1,..., N, through fixed effects. Joint maximum likelihood estimates of the ability and difficulty parameters
will not be consistent since the number of parameters grows with the sample size N, which is an instance of
the incidental parameter problem (Neyman & Scott, 1948).

iTn practice, the empirical support is bounded, with the largest observed number of counts being the
upper bound.

)
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z=1(21,...,2,) € Z as
Pz (A) =Py [Z = 2] ZHMGXP(—/\(%—%)),

where A\ > 0 is an intensity parameter.

B Additional theoretical results

The influence function (Hampel, 1974) measures how an infinitesimally small degree of mis-
specification affects an estimator. To construct an influence function, one adopts a functional
notation where an estimator @y is interpreted as a function of the distribution of the data
that it is calculated from. Hence, if the observed data are distributed according to a den-
sity f, one writes Oy = Oy(f). Expressing an estimator as a statistical functional of a
distribution allows one to study how it changes with respect to that distribution. This
notion is formalized by means of the influence function, which is a functional (Gateaux)
derivative of the estimator with respect to the degree of model misspecification.

Definition 1 (Influence function; adapted from Hampel, 1974). Let (9\1\7 be an estimator
that estimates a model {p(0) : @ € O} with finite support Z. Evaluated at model density
p= (0),0 € 0, the estimator’s influence function at a data point z € Z is given by

IF (Z, §N,p (0)> = lé}ﬁ)l ON((l — g)p; (9) il EAZ) = ggéN((l - 5)pz (0) + 5Az) B )

where Z 5y +— A,(y) = 1{z = y} is the point mass density at point z.

Essential theory on M-estimation (e.g. Huber & Ronchetti, 2009, Section 3.2) reveals the
following influence function of the MLE (eq. 5) at point z € Z and density p (0) is given by

IF (z, g M p (e)) —J(0) s, (0), (B.1)
where

J (0) - - Z Qz(0>pz (9)

denotes the Fisher information matrix at 6 € ©. The following theorem derives the influence
function of the proposed estimator @y in (8).

Theorem 3 (Influence function). Grant Assumption Set A. Then, the influence function of
estimator Oy at cell z € Z and true density p (0,) is given by

IF (z, §NMLE,p (0*)> if ¢ > 1,

IF (2,6v.p(6.)) = [J(g*)_pz(e*)sz(e*)sz(e*f}1sz(0*>pz(e*) ife=1.
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Figure B.1: Influence functions of polychoric correlation coefficient g, = 0 in the polychoric model
with five Likert-type answer categories and thresholds like in (13). The top plot visualizes the
influence function for tuning constant ¢ > 1, and the bottom plot for the most robust choice, ¢ = 1;
see Theorem 3.
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This theorem’s proof is provided in Appendix D.4. As an example, Figure B.1 visualizes
this influence function for a polychoric correlation model.

The following section contains a number of technical lemmas that will be useful in the
proofs of the main theoretical results.

B.1 Some useful lemmas

Lemma B.1. Under the Assumptions of Theorem 1, the sequence {L (0, ]?N>} 1S equicon-
N

tinuous on the parameter space © > 6.
Proof. 1 verify equicontinuity by its definition (e.g. Definition 7.22 in Rudin, 1976). Put
Ly(0) =L (e,fN) and let

9x(0) = L (0) = — 3 5.(0) (=) ( - %)
z€eZ
denote its gradient at @ € ©. By Assumption A.5, there exists a universal constant C' > 0
such that ||gn(0)]] < C for all @ € ©. Fix ¢ > 0 and put § = ¢/C. Let 0,, 0, € © be vectors
such that |8, — 6]| < § and the entire line segment between these two vectors is contained
in ©. Then, by the multivariate mean value theorem, there exists a 6. in this line segment
such that

Ly(6s) — Ln(8a) = gn(60) (8, — 6.).
Thus,
|Ln(68s) — Ln(8a)| = |gn(0)" (65 — 6,))|

< llgn (0)]1[|6 — 6all

< C|6, — 0,

<Cé

=¢,
where I have applied the Cauchy-Schwarz inequality in the second line. It follows from the
definition of equicontinuity that the sequence {Ly (6)}, is equicontinuous on ©. [ |

The following lemma can be seen as a multivariate special case of the classic Berry-Esseen
theorem (e.g. Theorem 2.1.3 in Vershynin, 2018).

Lemma B.2. For ¢« = 1,....N, put J; = (Ji,zl, izos s J@zm)T =
(]1 {Zi =21}, 1{Z; = 2},...,1{Z; = Zm})T and X; = =U (00)_1/2 W (On(t)) (J; — fe),
where Oy (t) = 0y + N~'V2Vt for a fized vector t € R and symmetric invertible ma-
trir V. € R¥4. Then, under the assumptions of Theorem 2, the moment E HXZH?’ is finite,
and, in addition, there exists a constant Cy > 0 only depending on d such that
N
Dy(x) — P [NW Y X< m] < C4E || X,|° /V/N + o0 (N7V2).
i=1

sup
R4
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Before I turn to its proof, note that this lemma implies that

sup
xcRd

N
Py(x) — P [N—W Y X<
=1

‘ =0 (N2 +o (N2,

Proof. For the first assertion, note that J;, = 1 {Z, = z} follows a Bernoulli distribution
with probability parameter f.(z) for any z € Z. An easy calculation reveals that

E|lJiz = f-(2)] = fo(2)(1 = £(2)) (1 = fo(2))* + f(2)?). (B.2)
Furthermore, I have that

3

E W (On ) (7~ £)[" =E |3 5. (0x(5) 1 {]% c [o,c]} (Jin — £:(2))

zeZ (ON

3

<E|D s (05(®) (Jiz — fo(2))

zEcz

I 1/3
(Minkowski’s inequality) < Z <Hsz (On()) [IE|J;,. — fs(z)|3> ]

LzeZ

(equation (B.2)) = Z (Hsz (On () IPfo(2)(1 = f-(2)((1 = fo(2))* + fs(z)2)>l/3]

L zeZ

= i,

where the first line follows by definition of @ — W (0). By Assumption A.5, ||s, (Ox(t)) ||? <
oo, and, clearly, f.(2)(1 — f.(2))((1 — f(2))* + f-(2)?) < co. Subsequently, 1i* is finite. It
follows from the definition of X; that

B|[W(ox®) (i - £.)|
< oo ®

< 00,

E X < ||v 607"

where the second line follows from the previous display, and the third line from i < co and
the fact that ‘HU (00)_1/2“’ < 00, which is implied by Assumption A.5. This proves the first

assertion.
For the second assertion, note that J; obeys a multinomial distribution with 1 trial, m
events, and event probabilities gathered in vector f.. Hence, EJ; = f. and Var [J;] =
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diag(f.) — f- £ = Q. Therefore, EX; = 0, as well as
Var (X = U (65) > W (0x (£) AW (05 (1)) (U (eo>”2>T
= U (6,)""U (6n(t)) (U (490)1/2>T

U (00)—1/2 U (80) <U (00)—1/2)T Yo (N71/2)
= Id+0(N_1/2) ;

where I; denotes the the d x d identity matrix. The third line follows from the fact that
On(t) =0y + N2Vt =60y + o (N~'/?) and the continuity of 6 — U(6), where the latter
is implied by Assumption A.4. It follows that X; has mean zero and identity covariance
matrix when N is large enough. This fact together with equation (B.3) allows me to apply
Theorem 1.3 in Gotze (1991, equation 1.5), and the second assertion follows. This completes
the proof. [ |

Lemma B.3. Grant the assumptions of Theorem 2 and put Oy(t) = 6y + N~Y2V't for a
fized vector t € RY and symmetric invertible matriz V. € R, Then the equality

fe(2) f<(2)
- \/_zezzfs Sz ON( )) (w(pz (ON(t))> _w<pz (00)>>

= Z w ( )p]}((;z) f-(2)85(80) 8- (80) Vt+o (N—1/2) +o (N—1/2) 1o (N—1/2)

holds true.

Proof. I can write
_ s w fe(2) —w fe(2)
\/_Zezzfe = (On(2)) ( <pz (9N(t))> (pz (90)>>

w( ot ))) - w( fsg)))
p=(On (¢t p=(6o fe(z) fs(Z)
—VN Z f-(2) f-(2) ( (t) ) :

2€Z pz(On(t))  p=z(60) g :©
B ©

For term &), put hy = N~12Vt such that Oy(t) = 6, + hy and note that by the
definition of the derivative, it holds true that

fe(k) _ fe(k)

w <Pz(90+h1\r)> w (Pz(OO)) L

hl’Il / fé( )

o ACEEAL) !
Pz (90+hN) Pz (00)
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where the right hand side exists by Assumption A.9. By definition, iy = o (N~'/2). Com-
bined with the previous display, one obtains

fe(2) _ fe(2)
pz(On(t))  p=z(60)

fe(2) fe(2)
w(““’N“”) ) w(”z“’“) £(2)
@ = = ’( - >+o(N—1/2).

For term B), put ¢(6) = % and note that

Pz

O 9(0) = 5. (0) 12

Performing the Taylor expansion

9(Ox(t)) = 9(80+ N7/2VE) = g(80) + N2 (a%g<eo>) Vi+o(N)

f5(2«'> _N—1/2 ff(z) s, (00)7_ ‘/_[:_’_0(]\/'—1/2)7

~ 1. (60) p- (6o)

it follows that

® = fe(2) _ fe(2) — _N-L/2 fe(2) s, (OO)T Vt+0(N_1/2).

 p=(On(t)  p2(60) p= (60)

For term (©), the continuity of 8 — s, (6) (Assumption A.4) implies that

© = fo(2)8: (Bu(1)) = [-(2)s: (80) + 0 (N71/2)

Combining the derived expressions for @), B), © completes the proof. |

Lemma B.4. For fized z € Z, the matriz Q,(0) is equal to the Hessian matriz
of log (p» (@), at 8 € ©. In addition, the Fisher information matriz J(0) of a density p (0)
can be expressed as

J(0) = — Z Q-(0)p- (0).

zeZ

44



Proof. Note that % log (p (8)) = & s (6). Then, applying the product rule and then
the chain rule,

0 0 1 0
6_98z () = 290 (pz—w)%pz (9)>

o 1 \(o A
- (ﬁpz <e>> (Wz “”) A (aeampz “”)

1 (o 9 A
= —m (@Pz (9)) <%pz (9)> +pz 0) (6080sz (9)>
st (@) - @0

which is equal to the definition of Q.(0). The second assertion follows immediately by the
definition of the Fisher information matrix. |

The following lemma studies the limit behavior of the matrices that jointly form the
asymptotic covariance matrix in Theorem 2 when the misspecification degree approaches
zero. To make the dependence of estimand 6, on misspecification degree ¢ explicit (see
eq. 10), it is expressed in this lemma as a function of e, that is, 8y = 6y(¢).

Lemma B.5. Under Assumption set A, it holds true that
limU (6y(¢)) = J (6.) and

el0
lim M (8,(c)) {‘”9*) e>1,
&0 J (0*) - ZzeZ 1 {h(z) > Dz (9*>}pz (0*) Sz (0*) Sz (9*)T ifC =L

An immediate consequence of this lemma is that in the absence of misspecification, the
robust estimator @y with ¢ > 1 has the same asymptotic covariance matrix as the MLE,
namely the inverse Fisher information matrix evaluated at true parameter 6,. In other
words, MLE and robust estimator (with ¢ > 1) are first and second order equivalent if the
model is correctly specified. I proceed with the lemma’s proof.

Proof. For further reference, note that for any 8 € ©,

> p=(0)s:(0) =04, (B.4)

zeZ

because )z p. (0) = 1, which implies that ) __ a%pz (0) =0,
I now turn to the first assertion. For fixed z € Z, one has that

111(1]1 fe(z) =p.(0,) and lim6Oy(c)=0..

el
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By continuity of 8 — p, (8), it follows that

lim 42 g (B.5)

cl0 p (6(e))

Therefore, for any ¢ > 1,

o {sz (Bo(e)) 1 {1% c [O,C]H . (0.),

and, subsequently,

lim W (6y(¢)) = (sz1 (0.),82,(0.),- .84, (0.) )

el0

Consider now Q = diag(f.) — f.f." expressed as a function of ¢, that is, £ = Q(e). It holds
true that

lim §¥e) = diag(p (6.)) —p(6.)p(6.)" .

Tedious but straightforward matrix algebra reveals the following characterization of the
matrix lim o U (8y(¢)) = lime o W (6,(c)) ()W (8y(c))". Namely, its (7, j)-th element is
given by, for 7,5 =1,....d,

(T (00(e) ) =37 (5:(0)), (52 (0.)) = (0.) = 3 (52 (6.)),p: (6) D (s:(6.)) = (6.)

el0 i
zeZ zEZ zeEZ

= (s-(6.) )i(Sz (0.) )jpz (6.),

because Y, (s (6.) )Z.pz (0.) =0forany i € {1,...,d}, by (B.4). Thus, the whole matrix
is given by
LimU (6p(c)) = Y p(6.)s:(6.)s2(6.)"

el0
v zeZ

which is equal to the Fisher information matrix J(8.) by its definition as the expected value
of the Hessian of the log-likelihood. The first assertion follows.
For the the second assertion, I distinguish between ¢ > 1 and ¢ =1

Case 1: ¢ > 1. The functions w(-) and w'(-) are continuous at 1 and satisfy w(1) = 1
and w'(1) = 0. It follows that

O I U O T A
léfﬁlw(pz(oo(g)))_l @0 (pz(00(€))> (B6)
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for fixed z € Z. Thus,

limM(Oo(g)):lim{Z fg(z)<w'<pzf€(z) ) ) o (00(e)) 5. (00(2))

€l0 0| 2 (Bo(€)) | p= (B0(e))
—w J:(2) 5
(pz (00(6)))622(00( )) }
= - sz (0*) Qz(e*)
=J(6.),

where the last line follows from Lemma B.4. This completes the proof of the second assertion
for the case ¢ > 1.

Case 2: ¢ = 1. In this case, w(-) is still continuous at 1 with w(1) = 1 such that

lim, o w pz{z(;()s)) = 1, but w/(-) does not exist at 1 because w(-) is not differentiable

at ¢ = 1. Nevertheless,
w'(1-)=0 and w'(14)=1.

and it follows that, for z € Z,

. / fE(z> _ / (11—
lgglw (W) =1{h(z) > p. (8,)}w' (1+) + 1 {h(z) < p. (0.)} ' (1-) (B.7)
= —1{h(2) > p (6.)}.

Then,

=Y p:(6.) [— L{h(z) > p. (6.)} 5. (6.)5-(6.) — Q=(6.)

zeZ

=J (0*) — Z 1 {h(z) > P2 (0*)}pz (0*) Sz (0*) Sz (0*)T s

zeZ

where the last line follows from Lemma B.4. This completes the proof of the second assertion
for the case ¢ = 1 and thereby the entire proof. [ |
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Estimator Robust - MLE

€=0 €=0.1 £€=0.2
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0.0 - mm—mte——_ E’E _______________________________

Misspecification degree ¢

Figure C.2: Mean squared error of all estimated parameters in the polychoric model, ||§N — 0.,
in the first simulation in Section 4.

This result is remarkable because it suggests that there exist robust estimators (governed
by the choice of ¢) that have the same influence function as the efficient but non-robust
MLE, which is due to the bounded nature of categorical variables. Similar results have
been derived for minimum power divergence estimators (Victoria-Feser & Ronchetti, 1997),
minimum Hellinger distance estimators (Simpson, 1987; He & Simpson, 1993; Lindsay, 1994),
and minimum disparity estimators at the binomial model (Ruckstuhl & Welsh, 2001).

C Additional empirical results

C.1 Additional simulation results

Figure C.2 visualizes the mean squared error of all estimated parameters in the polychoric
model in the first simulation in Section 4. I do not plot the results of the Pearson sample
correlation coefficient because it does not estimate threshold parameters. The results for
that coefficient are visualized in Figure 2 in the main text.
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C.2 Additional results from the empirical application

Table C.1 lists the three estimated correlation matrices in the neuroticism scale in the data
of Arias et al. (2020), where negatively worded items were reverse-coded, which is standard
in factor analyses on questionnaire data. Table C.2 contains the data that are visualized in

Figure 5.
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N1.P NIN N2P N2N N3P N3N N4P N4N N5 P N5N N6.P N6.N
N1_P 1.00 -0.32 065 -044 063 -044 024 -0.22 051 -041 037 -0.29
N1.N | -0.32 1.00 -0.34 0.48 -0.34 0.40 -0.16 0.34 -0.32 0.53 -0.28 0.49
N2.P | 065 -0.34 100 -050 070 -0.50 0.24 -0.24 050 -0.38 048 -0.42
N2.N | -0.44 0.48 -0.50 1.00 -0.49 0.59 -0.22 0.37 -0.37 050 -0.28 0.46
N3_P | 063 -034 070 -0.49 1.00 -0.47 0.26 -0.25 057 -0.39 048 -0.44
N3N | -044 040 -0.50 0.59 -0.47 1.00 -0.25 0.37  -0.39 0.50 -0.27 0.41
N4P | 024 -016 024 -022 026 -0.25 1.00 -0.56 0.24 -0.17 0.17 -0.18
N4_N | -0.22 0.34 -0.24 0.37 -0.25 0.37 -0.56 1.00 -0.30 0.40 -0.20 0.39
N5_P | 051 -032 050 -037 057 -039 024 -0.30 1.00 -0.62 047 -041
N5.N | -0.41 0.53 -0.38 0.50  -0.39 0.50 -0.17 040 -0.62 1.00 -0.32 0.50
N6_P | 037 -028 048 -028 048 -0.27 0.17 -0.20 047 -0.32 1.00 -0.54
N6_N | -0.29 0.49 -0.42 0.46 -0.44 041 -0.18 0.39 -0.41 0.50 -0.54 1.00

(a) Pearson sample correlation

N1.P NIN N2P N2N N3P N3N N4P N4N N5.P N5N N6.P N6.N
N1_P .00 -037 071 -0.50 069 -049 027 -0.24 058 -047 042 -0.32
N1.N | -0.37 1.00 -040 0.55 -0.39 047 -019 040 -0.39 0.60 -0.32 0.56
N2.P | 071 -040 100 -0.55 075 -0.54 0.26 -0.26 0.55 -041 0.53 -0.47
N2.N | -0.50 055 -0.55 1.00 -0.54 0.65 -0.24 042 -0.41 0.57 -0.31 0.52
N3P | 069 -039 075 -054 100 -0.53 029 -0.28 0.63 -044 052 -0.48
N3N | -049 047 -054 0.65 -0.53 1.00 -028 043 -0.44 058 -0.29 0.47
N4P | 027 -019 026 -024 029 -028 100 -061 026 -020 0.18 -0.20
N4N | -024 040 -026 042 -0.28 043 -0.61 1.00 -0.33 046 -0.22 0.44
N5_P | 058 -039 055 -041 063 -044 026 -0.33 1.00 -0.69 0.53 -0.46
N5.N | -047 0.60 -0.41 0.57 -0.44 058 -020 046 -0.69 1.00 -0.35 0.57
N6_P | 042 -032 053 -031 052 -029 0.18 -0.22 053 -035 1.00 -0.58
N6.N | -032 056 -047 052 -0.48 047 -020 044 -046  0.57 -0.58 1.00

(b) Maximum likelihood estimates

N1.P NIN N2P N2N N3P N3N N4P N4N N5.P N56N N6P N6.N
NI1_P 1.00 -0.47 0.8 -058 079 -056 030 -0.26 0.63 -0.54 049 -0.39
N1.N | -0.47 1.00 -048  0.58 -0.49 054 -0.26 045 -047 0.68 -0.43 0.63
N2P | 080 -048 1.00 -0.66 085 -060 032 -032 064 -050 0.60 -0.56
N2.N | -0.58 0.58 -0.66 1.00 -0.70 0.76 -0.37 049 -048 0.60 -0.35 0.55
N3P | 079 -049 08 -070 1.00 -0.62 035 -0.39 066 -0.52 0.59 -0.57
N3N | -056 054 -060 0.76 -0.62 1.00 -0.42  0.49 -0.52 0.58 -0.37  0.53
N4P | 030 -026 032 -037 035 -042 100 -092 035 -030 0.30 -0.33
N4N | -026 045 -0.32 0.49 -0.39 049 -0.92 1.00 -0.39 050 -0.33 0.53
N5_P | 0.63 -047 064 -048 066 -0.52 035 -0.39 1.00 -0.82 0.59 -0.55
N5.N | -0.54 0.68 -0.50 0.60 -0.52 0.58 -0.30 0.50 -0.82 1.00 -044  0.61
N6_P | 049 -043 060 -035 059 -037 030 -0.33 059 -044 1.00 -0.75
N6.N | -039 063 -056 055 -057 053 -0.33 053 -0.55 0.61 -0.75 1.00

(c) Robust estimates

Table C.1: Estimated correlation matrices of the items in the neuroticism scale from the data in Arias et al.
(2020, Sample 1; N = 725) using three estimators. The items are “calm” (N1_P), “angry” (N1.N), “relaxed”
(N2_P), “tense” (N2_N), “at ease” (N3_P), “nervous” (N3.N), “not envious” (N4_P), “envious” (N4_N),
“stable” (N5_P), “unstable” (N5_N), “contented” (N6_P), and “discontented” (N6_N). For the item naming
given in parentheses, items with identical identifier (the integer after the first “N”) are polar opposites, where
a last character “P” refers to the positive opposite and “N” to the negative opposite.

20



X\Y 1 2 3 4 5
1 | 9,814,457,557.73 16,011.33 11.82 1.14 0.65
2 2,424.07 10.07  0.80 0.90 1.42
3 15.48 0.65 0.99 0.80 77.14
4 0.88 0.92 0.61 12.66 222,528.08
5 0.89 0.88 36.01 55420.33 995,017,243,197.60

(a) Pearson residuals ]?N(z)/pz <§N>

X\Y 1 2 3 4 )

0.019 0.007 0.003 0.028 0.022
0.007 0.040 0.050 0.138 0.014
0.006 0.047 0.143 0.030 0.003
0.054 0.189 0.029 0.019 0.007
0.108 0.018 0.006 0.008 0.007

T W N = —

(b) Empirical relative frequencies fN(z)

X\Y 1 2 3 4 5
< 0.001 <0.001 < 0.001 0.024 0.034
< 0.001 0.004 0.062 0.153 0.010
0.001 0.072 0.145 0.038 < 0.001
0.061 0.205 0.047 0.002 < 0.001
0.120 0.020 < 0.001 <0.001 < 0.001

U W N —=|_—

(c) Estimated cell probabilities p, (§N>

Table C.2: Pearson residual (top), empirical relative frequency (center), and estimated cell proba-
bility (bottom) of each cell for the “not envious” (X)—“envious” (Y') item pair in the measurements
of Arias et al. (2020) of the neuroticism scale. Estimate 6y was computed with tuning con-
stant ¢ = 1.6.
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D Proofs of main results

D.1 Proof of Theorem 1

For any z € Z, the pointwise convergence fN(z) 2% f.(2) holds true when N — oo (see
e.g., Chapter 19.2 in Van der Vaart, 1998). Since loss L(8, f) is continuous in any density f
on Z, I know by the continuous mapping theorem that, for any 8 € ©,

L (e, fN) 25100, 1), (D.8)

as N — oo. R
Put Ly (0) = L (0, fN) and L(0) = L (0, f.). 1 proceed to show that the convergence

in (D.8) is uniform on ©. One way of doing so (Newey, 1991) is to show that the sequence
{Lx ()} y is equicontinuous on the parameter space ® and then apply a well-known result
in Rudin (1976). Since {Ly (0)}y is indeed equicontinuous on @ by Lemma B.1, © is
compact (Assumption A.2), and {Ly (0)}y converges almost surely pointwise to L(8) on ©
by equation (D.8), it follows from Exercise 7.16 in Rudin (1976) that the convergence in
equation (D.8) is uniform on ©.

Therefore, when N — o0,

sup L(6) — Ly(8)| 22 0, (D.9)
and
‘L (60) — L (6x) ’ — |L.(80) — Ly (B) + L (O) — £ (6x) ‘
(triangle inequality) < |L(6o) — Ly <§N) ‘ + )L (}) Ly (éN) ‘
(ssunption £.3) < |1 (8) L (8v) | + |1 (8) ~ L (8) |
(equation (D.9)) == 0.
It follows that Oy = 6, as N — oo, which concludes the proof. ]

D.2 Proof of Theorem 2

The proof strategy employed in this proof is similar to Ruckstuhl & Welsh (2001) and
Victoria-Feser & Ronchetti (1997).
For @ € © and a density f on z € Z, denote by

n(.5)= 2L0.5)= Y s. (H)f(Z)w< ds )




the objective’s gradient at 6. By Assumption A.8, L(8, f.) is convex in a neighborhood
of 6y, therefore its gradient n (0, f.) is non-negative for @ in this neighborhood. Define
this neighborhood as follows. For an arbitrary vector ¢ € R% and an arbitrary symmetric
invertible matrix V' € R¥? let Oy (t) = 6y + N~Y/2V't define the neighborhood’s boundary

such that its radius about 6y is of length ||@x(t)||. Hence, n <0N(t),fN> > 0 and, by

definition, vV NV ~'(Ox(t) — 6y) = t. It follows that for every @ in the aforementioned
neighborhood, the equivalence

VNV YO - 0,) <t « n (9, fN) >0, (D.10)

holds true, where an event {T" < t} is to be understood as the event {17 < tq,...,Ty < t4}
for a d-variate random variable T' = (T3, ...,T,;)". By construction of the estlmator in (8),
it holds true that n(ON, fv) =0, and, by Theorem 1, By % @y, as N — co. Therefore,
for N large enough, Oy is in the neighborhood of 6, with probability one. Hence, by (D.10),

VNV <§N - 00> <t

when N is large enough.
Before I continue with the proof, I first need some additional notation. For+=1,... N,
put

Ji - (Ji,zla Ji,zza ceey Ji,zm)T - (jH {}/; - zl}a]]- {Y; - ZQ} P '7]]- {}/; - zm})Ta

and note that each J; is distributed according to a multinomial distribution with one trial, m

events, and event probabilities gathered in vector f.. Hence, E[J;] = f. and Var [J;] =
diag (f.) — f-f| = Q. Next, denote by
Zn(z) = N2> " (Jiz — [-(2)) (D.11)
zeZ

the difference between fy(z) and f.(2), scaled by v/N. Then, put

Zy = (Zn(21), Zx(22), - Zn(2m)) = N7V (T = fo).

i=1
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Furthermore, it is useful to define the d-variate function

¢ (07 ZN)

=N "s.(0) Zn(2)1 {]f:((z)) € [O,c]}
==Y 5. (0) Zw(2)1 { Ifj(z)) e, c]} (% e fg(z)>

Zi]\il Ji,zl f (zl)
— N3 <321(9>11 =) gl s e { B e g ) :
{p21(0> } {pzm (0) } Z:f\/:1 Jis
= -NTY WO~ £.),
- (D.12)

for 0 € ©.
With these definitions, I am now ready to proceed with the proof. I can write (D.11) as

\/N]?N(z) = Zn(2) + VN f.(z). Therefore, when evaluating the gradient at (8y(t), ]?N) and
scaling by v/N, one obtains

\/NU <0N<t>7 ]?N>

2 p= (On (1)
N, o@D N, s, =)\,
== 3 o (0n(8) (pz (ON(t»)zN() 3 o= (On(t) (pz (QN@)))fE( )

(D.13)

I now wish to Taylor-expand the function w(fN(z) /= (ON(t))> about the
point w( f(2)/p= (On(2)) ), for which I need to check differentiability at this point. The

function w(-) is not differentiable at point ¢. By Assumption A.9, w(fs(z)/pz (90)> # c,

which implies that there exists a neighborhood of f.(z)/p. (6o) that excludes c. Since

Oy(t) = 6y + o (N~'/?), the point ]/”\N(z)/pz (@x(t)) is in this neighborhood when N is
sufficiently large. Hence, I can perform the expansion

B N (Fee) N fe) \ERE A
<pz<eN<t>>) (pz(ON(t)>>+ (pz<0N<t>>> PTG A

o4




which allows me to write (D.13) as

VEn (0y(®). fu) = = 5. (Ox(t) w (p Jel2) )ZN<z> VN (Ox(8), 1)

=— s w —fg(Z) z
=5 (On (1) (pz(eN(t)))zm ERACICHONS

-3 s (0) [ —u £ f-(2) ’ 2
zez; - ( (pz (ON(t))> . {pz o) - ]}> Zn(z)

== Y s ox®) 2x(21 {2 e .+ VR 0vie). 1)

ez Pz (ON(t>>
+o (N_l/Q) ;
= VN9 (O(t), Zy) + VN7 (B (t), f-) + 0 (N?) |

(D.14)

where I have applied in the the second equality the identity z — w'(x)z = —w(z) +
1{z €0, ]} and in the last equation the definition given in equation (D.12). Next, I derive
a bound for the difference between the probability ®4(¢) and the probability that the left
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hand side in the previous display is nonnegative. I have that

P [V~ (6x(8), fi) > 0] — @(t)

= 1P [VNn (0x(t). ) 0] - @u(t)

- 1—IP’[\/N¢ (On(t), Zn) < —VNn (O5(2), fs)} D4(t) "‘O(Nil/Z)

= 1= P|VNU (6)) "> 9 (0x(t), Zv) < —VNU (80) " 1 (On(2), /) | = @ult)| +0 (N"1)

=1, by symmetry of standard normal density
7\

— |94 (~VAU (600 (60(8). £)) + 00 (VIU (80) " (B(8). £.))

~P[VNU (60) "> 9 (0x(1), Zv) < —VNU (80) 1 (O(2), /) | = @ult)| +0 (N1

=T

< |24 —~VNU (60) 2 (1), £.) )

< sup
xcRd

By(x) — IP[\/NU (80) 24 (Ox(t), Z) < az]

@4 (VU (60) 2 (0 (1), £2)) = ®a()] + 0 (N77%)

= sup
xrcR4

+ |24 (VEU (60) 1 (Ox(0). £.)) = ®ult)

u(w) - P| - N 1/220. WO 0)( - 1) < 1

+o0 (N_l/Q)

where I have used in the second (in)equality equation (D.14), in the fifth (in)equality the
triangle inequality, and in the last (in)equality the definition in (D.12). A direct application
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of Lemma B.2 now yields the bound

P [VNn (6x(8). fi) 2 0] - @u(t)| <

@4 (VU (80) > (0x(8). 1)) - %(t)‘

(D.15)
Lo (NV2) 4o (N712) 4o (N12).
I remains to be shown that first term on the right hand side vanishes as N — oo.
Write
\/N"? (0N<t>7 fs)
= VN(n (65 (#), £) = (80. £.) )
-0
_ s w fe(2) _s w f(2)
a \/_zezzfg ( = (Ov(®) (pz( N(t))> = (6) <pz (%)))
=— s w fo(2) -8 w fe(2)
“TYND K ( - (Ow(1) (pz <0N<t>>> (&) <pz <00>>)
(D.16)

e R ),

) fe(z fs(z)

" YN 2 ot <w (pz (0x(2) ) w<pz (00))>
—\/_Zfs ( E )))( (On(t)) — Sz(00)>7

zeZ

where the first equation follows by Assumption A.3, the second equation by simply writing
out the expression for gradient ) (8, f.), and the third equation by adding an intelligent zero.
I can rewrite the second summand in equation (D.16) as

i) (s0a0-0.09 ) - e (155 Jermavaror ),

z€Z zEZ

which follows from the Taylor expansion

s, (On(t) = s, (00 + N_l/QVt)

0
=5, (6p) + N—1/2 —5,(0)
00 0—0,

(by Lemma B.J) = s,(6p) + N"2Q.(6,)Vt+o(N'?).

) Vt+0(N_1/2)
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The first summand in equation (D.16) possesses a characterization derived in Lemma B.3.
Using this characterization and pre-multiplying equation (D.16) by U (90)71/ ? (which exists
by Assumption A.7), I obtain

VNU (60) 1 (0x(8). )
v (S (v (G5 ) oo @ o (G o) v

z€Z
+o(N712),

where the term o (N -1/ 2) collects four individual terms that all vanish at rate N—/2,

So far, the choice of the d x d matrix V' has been arbitrary, except for symmetry and
invertibility. For the choice

V =V (6,) =M (6,) ' U (6,)"?,
where

M (o) = [Z f-(2) (w' (pfé,?)) s 0)5.0) ( Iﬁ%) sz))] ,

zeZ

I obtain that
VNU (80)"? 1 (Ox(t), f-) =t + 0 (N7Y/?),

and it follows by (D.15) that

P [vVNn (65(1). i) = 0] - @ult)

< |24 (VU (80720 (B(8), £.)) — Ra(t)| + 0 (N"72) +0 (N7112) 40 (N7172)

=0 (N_l/Q) + o0 (N_l/z) 4+ 0 (N_l/z) 4+ 0 (N_l/Q) .
Using the equivalence in (D.10), it follows that
P [\/NV (80) " (B — 0y) < t] . <I>d<t), as N — oo.
Since the choice of t € R? is arbitrary, this is sufficient to conclude that
VN (8 — 60) 5 Na(0,2(60) ).

as N — oo, where

This concludes the proof. [ |
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D.3 Proof of Corollary 1
By Theorem 2, it holds true that

VN <§N - 90) N Nd<0, > (00)>.
Applying the Delta method (e.g. Theorem 3.1 in Van der Vaart, 1998) on this result yields
VN (s (0x) = p:(80)) ~= N(0, 9:(0)"£(9):(6)).

It follows that R
P= (9N> —p=(60)

Tw(z) = <4 N(0,1), (D.17)
02 (6y) /N
where 02 (0) = g.(0) "X (0) g.(0). Suppose one wishes to test a null hypothesis of the form
HO Ry 2 (00) =D,
for an arbitrary but fixed p € [0, 1]. Conditional on this null hypothesis, it follows from (D.17)
that R
~ Pz (HN) -Dp d
Tw(2) ] Hy= ——~—2 "~ 4. N(0,1).
\/ O'g (00) /N
Choosing p = J?N(z) yields the result. [

D.4 Proof of Theorem 3

Estimand 6, implicitly depends on misspecification degree ¢ (eq. 10). Hence, one can ex-
press 6y as a function of e, that is, 8y = 6y(g), whose derivative is a d-dimensional gradi-
ent 00y(¢)/0e. Tt then follows by the chain rule that

S (00 = (e o)) 2%
%Sz (00) y = (%32 (00)) 80808(8) = QZ(OO)aanég)? (D18)
0
S -(2) = h(z) ~ p. (6.).
Therefore, by the quotient rule,
2 ( fs(z) ) _ (%fe(z)) Pz (00) B fs(z) (%pz (00))
Oe Dz (00) Dz <0>2 (D 19)
) e 0. (80) — £(2) (o (80) (52 |
- p= (0)° '

29



Estimand 6y in (10) can equivalently be defined as a root of the gradient of loss L(8, f),

that is,
B 0 fe(2)
04 = _80L (6, f2) = E s, (6y) fe(z (pz (90)>~

zeZ

To assess the first-order effect of misspecification degree € on estimate 6y = 0y(¢), differen-
tiating with respect to ¢ the estimating equation in the previous display yields

z;a [ (60) felz)ew (pfgj))]
_ z; [% [& (60) w(pi %)] fo(z) + (%ﬁ(z)) 5 (60) w( p]: E;%)]
-~ ( ) (00)(h(=z) ~ - (6.)) —Zw( f€§;3)>az<eo> (%) £tz
S <f5< >>( (2) —p. (6. F(2) (ggp- <00§2T(%f+9)>8z (00) .(2)

zZEZ Pz (00)
N, N (2= 22 L)
fo(2)? 0
T Z w < ) sz (6o) %PZ (00)>

zeZ (
fg(Z) / €(Z) fa(z)
- _zezzsz (6o) (h(z) — P2 (0*)> [w (pz (00)> +w (pz (00)>pz (00)]

fe(2)? fe(2) 96, (<)
—I-ZEZ; w( )pz (90)8 2 (00)s.(0y) —w b (00] fa(z)Qz(GO)] ( e )
— s 2) — w fs(z) U}/ 5(2) fa(z) 300(6)
- ZGZZ = (60) (h( ) —P= (9*))[ (pz (00)> + (pz (00)>pz oy +M(00)( o )

where the second equation follows by the product rule, the third equation by the product rule
and equations (D.18)—(D.19), the fourth equation by simple rewriting, the fourth equation by

definition of s (0) = - }0) Ol 50 , and the last equation by definition of M (@) in Theorem 2.
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Then, after rearranging to isolate 06y(¢)/0e, one obtains

80(;5(5) = M(00(2) Y 2 (00(2) (h(=) 12 (6.)) [w (M>

_|_ w/ fE (z) fE (Z) ,
P= (60(¢)) ) p= (Bo(€))
where I write 6y = 6y(e) to make explicit the estimand’s dependence on the misspecification
degree, and where M (6,) " exists by Assumption A.7.

To construct an influence function, I evaluate 960y(¢)/0e as € | 0, which is done separately
for tuning constant choices ¢ > 1 and ¢ = 1.

Case 1: ¢ > 1. One has the following limit properties for the individual terms in (D.20):

lsig)lM (Bo(c)) ' =T (8,)7", (Lemma B.)5)
limM =1, (eq. B.5)

)
e ) e
1§f§w<pz (90(5))> =1, (eq. B.6)
limw’<M> =0. (eq. B.6)

el0 o (00(8))
Thus
i P00 7 0.y 3500 (1) -2 0.))
=J(0.)7' ) s.(0.)h(z) (eq. B.4)
~ S IR <z, g MLE p(e*)) h(z). (eq. B.1)

Choose now as misspecification type h(-) the point mass density at some point y € Z such
that h(z) = hy(z) = 1 {z = y}. The assertion follows for the case ¢ > 1.
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Case 1: ¢ = 1. One has the following limit properties for the individual terms in (D.20):

lim M (60(e) ™ = |T(6.) = > 1{h(2) > p=(6.)} p=(6.)5-(6.)s.(6.)" | , (Lemma B.5)
. f(zx)
lslﬁ)l (0] 1, (eq. B.5)
. fs(z) _ e
13$€w<pz <eo<e>>) -t (2. 5.6)
imw [ —23) ) = g fnz) > pe (0001 (eq. B.7)
€10 P2 (0o(€)) =T o
Thus
g 0 = 170 = S 1 (=) > 12 (0.0} (0.) 5. (0.) 5. <e*>T]

x D 5 (6.) (k=) —p- (6.)) [1 ~1{h(z) > p- <9*>}]

J(0.) = > 1{h(2) > p. (0.)}p: (6.) 5. (6.) 5. (e*)T]
x 3 5. (6.) (h(z) = p2 (6.) )1 {h(2) <2 (6.)} .

Choose now misspecification type h(-) the point mass density at some point y € Z such
that h(z) = hy(z) = Ay(2) = 1 {z = y}. Then the previous display becomes
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800(8)
eﬁll Oe

zeZ

zeZ

J (6.) = py (6.) 5y (

X

50(0.) (17, (6.)) 1L <1y (6

)= S 1{A(2) > p. (0.)) p. (6.) 5. (0.) 5. (0*>T]

x [ 3 s.(6.) (Ay(2) — p2 (6 *>)1{Ay(z>s;oz<e*>}]

27y

= |J (6.) — py (0.) sy (0.) sy (0*)T

= | J(6.) =y (6.) 5, (6.) 5, (6.)"

=0, Assumptzon A6

| (-

1-1

Z]I{O>pz }pZ( «) 82 (0.) s, (0*)T]

DY+ - (6. (0 P ( *)>1{0§PZ(9*>},]
2y =1

e )

z#y

8y (0.) py (6.)

where the last equation follows from the identity

- Z 5. (0.)p= (0.) = sy

The assertion follows for the case ¢ = 1. This completes the proof.
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